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Introdution
QCD at Hadron Colliders
Quantum Chromodynamis is the aepted theory of the strong interations. After
deades spent to test this theory and after its suessfull desription of the rih and
omplex phenomenology of the hadroni world, nobody seriously doubts that the simple
Lagrangian whih is at the ore of its formulation is the orret one.
At the same time, the wider dynamis of what has ome to be known as the Standard
Model of elementary partiles has been tested with an inredible auray at LEP and
at the Tevatron, onrming the validity of the formulation of the model as a loal gauge
theory based on the gauge group SU(3)×SU(2)×U(1)Y , where U(1)Y is the abelian group
desribing the hyperharge. After the inorporation of spontaneous symmetry breaking of
the SU(2)×U(1) symmetry to U(1)em via the Higgs mehanism, the model an desribe
the eletroweak interations, leaving a broken gauge theory whih is exat only in the
olor setor (SU(3)) and in the eletromagneti U(1)em abelian group. The appliation of
these eld theoretial methods to the analysis of spei proesses is a diult sienti
enterprise and requires the identiation of speial theoretial tools, the proof of theorems
in quantum eld theory and the development of sophistiated software  based on theory
 for aurate preditions of the experimental observables of a large array of proesses.
In this eort one disovers that there are energy regions of the interations where a
perturbative piture of the theory an be slowly built, thanks to the property of asymptoti
freedom, and others where this is not possible due to a strong oupling onstant. In
the perturbative region, being the theory still haraterized by the property of quark
onnement, a lass of theorems known as fatorization theorems allow the denition of a
alulable sheme within whih to ompare the theory with the experiment. The essential
ingredient of this proedure is the possibility to separate  in inlusive proesses  the
perturbative part of a proess  what is known as the hard sattering  from the non-
perturbative parts, termed parton distribution funtions. In exlusive proesses, at large
momentum transfers, a similar piture holds, and allows to desribe nuleon form fators
and other elasti proesses by hadroni wave funtions, whih nowadays are speial ases of
some non-loal matrix elements on the light one termed nonforward parton distributions.
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As we have just mentioned, perturbative QCD appears naturally at large energy and
momentum transfers and is light-one dominated. Parton distributions are non-loal
orrelators dened for light one separations of the eld operators and their denition in-
trinsially introdues a sale. This desription goes under the name of parton model. The
hanges indued on this operators due to the hanges of the sale at whih they are de-
ned an be desribed by renormalization group methods. In the ase of ordinary parton
distributions these equations are alled DGLAP equations and they have been studied in
various ontexts (for polarized and unpolarized ollision proesses) and at various orders
in perturbation theory. One of the objetive of this thesis is to elaborate on the phe-
nomenology of these equations in great detail, to next-to-leading order (NLO) (hapter
1) and up to next-to-next-to-leading order (NNLO) in αs, the QCD strong oupling on-
stant (hapter 2). This perturbative order is likely to be the nal state for the study of
the DGLAP equations in perturbative QCD, sine it provides an auray whih learly
satises the requirements of preisions needed at hadron olliders. The study of these
equations is rather omprehensive, involves all the leading-twist distributions up to NLO
and is further extended to NNLO for the unpolarized distributions. Appliations of these
studies inlude a predition for the total ross setion for Higgs detetion at the LHC at
NNLO (hapter 3), where the dependene on the preditions on the fatorization sale is
studied in depth and an NLO appliation for the study of the Drell Yan proess for the
PAX experiment (hapter 1) at few GeV's. These appliations will all be disussed in the
rst three hapters of this thesis work. In hapter 4 and in hapter 5 we elaborate on a
kineti approah to the DGLAP evolution by introduing a Kramers-Moyal expansion of
this equation after testing both analytially and numerially the positivity of the kernels
up to NLO. In hapter 5 we ontinue and enlarge this analysis and apply it to the study
of an inequality due to Soer and to its behaviour under the ation of the renormalization
group. Inidentally, we also present an ansatz for the evolution of nonforward parton
distributions and prove the existene of a kineti form in the nonsinglet ase.
QCD in the Astropartile Domain
In the seond part of this thesis we will try to provide some appliations of standard
perturbative QCD methods in the study of the extensive air showers whih are generated
by proton and neutrino primaries in high and ultra high energy osmi rays (UHECR).
QCD enters in the modeling of the fragmentation region and our QCD preditions are
appropriately interfaed with an air shower simulator whih is well known in the osmi
rays ommunity, CORSIKA.
This seond part of the thesis an be read quite independently from the rst part, but
has been made possible by the developments of various omputational tools desribed in
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the rst part. In this seond part we will dene some observables of the air showers whih
an help us disriminate between standard senarios and new physis senarios in the
ontext of UHECR (hapter 6), having in mind the ongoing experimental eorts of various
experimental ollaborations, suh as Auger, to assess the existene (or the absene) of a
uto in the upper part of the osmi rays spetrum. These issues have been addressed
in two papers. In a rst paper we have introdued some spei observables for the
study of the extensive air showers and modied the hadronization odes used by the
various CORSIKA routines and studied their impat on the lateral distributions and the
multipliity distributions, while in a seond paper, on whih hapter 7 is based, we have
analyzed in great detail the harateristi patterns of the showers in the ontext of one
spei senarios for new physis whih goes under the name of theory of extra dimensions.
In this last ase an attempt has been made to understand the so alled Centauro events
in osmi rays physis as evaporating mini blak holes, whih are predited to form in
theories with extra dimensions. The methodology that we develope is quite general and
an be used to disern between standard and new physis senario also in the ontext
of other theories, sine we propose and exemplify a general strategy. This seond part
of the thesis is heavily omputational and the author has developed software for the
omplex analysis of the data generated by the simulator. In partiular, the modeling of
the hadronization of the evaporating mini blak hole has been developed using a basi
physis piture of the stages appearing in its deay and a hadronization pattern of the
partoni states whih is in onordane with the demorati oupling of gravity to all
the states of the standard model.
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Chapter 1
Diret solution of Renormalization
Group Equations of QCD in x-spae:
NLO implementations at leading twist
1.1 Objetives of the hapter and Bakground
In this hapter we formulate and implement an algorithm for the solution of evolution
equations in QCD whih has some spei peuliarities ompared to other methods based
on the use of Mellin moments or of Laguerre polynomials. We present the motivation of
this work and disuss the implementation of the method up to next to leading order (NLO)
in αs, the QCD strong oupling onstant. We also briey disuss some of the tehnial
aspets of the derivation of the reursion relations whih allow to rewrite an operatorial
solution of these equations in terms of some speial funtions determined reursively. The
method is implemented numerially and a brief disussion of the struture of the program
is inluded. The ontent of this hapter is based on the original researh artile [25℄. In
the nal part of this hapter we provide an appliation of the results on the evolution of
the transverse spin distributions to the ase of Drell-Yan lepton pair prodution in the
few GeV region, near the J/ψ resonane, up to NLO in αs, where an enhanement is
expeted. Preditions for the transverse spin asymmetries of this proess are presented.
1.1.1 Fatorization and Evolution
Fatorization theorems play a ruial role in the appliation of perturbation theory to
hadroni reations. The proof of these theorems and the atual implementation of their
impliations has spanned a long time and has allowed to put the parton model under a
stringent experimental test. Prior to embark on the disussion of our ontributions to the
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study of evolution algorithms in Bjorken x-spae, we provide here a brief bakground on
the topi in order to make our treatment self-ontained.
In suiently inlusive ross setions, leading power fatorization theorems allow to
write down a hadroni ross setion in terms of parton distributions and of some hard
satterings, the latter being alulable at a given order in perturbation theory using the
fundamental QCD Lagrangian. Speially, for a hadroni ross setion, for instane a
proton-proton ross setion σpp, the result of the alulation an be summarized by the
formula
σpp =
∑
f
∫ 1
0
dx1
∫ 1
0
dx2fh1→f(x1, Q
2)fh2→f(x2, Q
2)σˆ(x1, x2, sˆ, tˆ, Q
2) , (1.1)
where the integral is a funtion of some variables x1 and x2 whih desribe the QCD
dynamis at parton level in the Deep Inelasti Sattering (DIS) limit or, equivalently, at
large energy and momentum transfers. These variables are termed Bjorken variables and
are sale invariant. This formula is a statement about the omputability of a hadroni
ollisions in terms of some building bloks of easier denition.
The variable Q2, in the equation above, an be identied with the fatorization sale
of the proess. σˆ an be omputed at a given order in perturbation theory in an expansion
in αs, while the fhi→f(x,Q
2) are the parton distributions. These desribe the probability
for a hadron h to prepare for the sattering a parton f , whih undergoes the ollision.
An equivalent interpretation of the funtions fhi→f(x,Q
2) is to haraterize the density
of partons of type f into a hadron of type h. A familiar notation, whih simplies the
previous notations shown above, is to denote by qi(x,Q
2) the density of quarks in a hadron
(a proton in this ase) of avour i and by g(x,Q2) the orresponding density of gluons.
For instane, the annihilation hannel of a quark with an antiquark in a generi proess
is aounted for by the ontribution
∫ 1
0
dx1
∫ 1
0
dx2q(x1, Q
2)q(x2, Q
2)σˆqq(x1, x2, Q
2) (1.2)
and so on for the other ontributions, suh as the quark-gluon setor (qg) or the gluon-
gluon setor (gg) eah of them haraterized by a spei hard sattering ross setion
σˆqg, or σˆqg, and so on. In this separation of the ross setion into ontributions of hard
satterings σˆ and parton distributions f(x,Q2) the sale at whih the separation ours
is, in a way artiial, in the sense that the hadroni ross setion σ should not depend on
Q2 or
dσ
dQ2
= 0. (1.3)
However, a perturbative omputation performed by using the fatorization formula, how-
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ever, shows that this is not the ase, sine the perturbative expansion of σˆ
σˆ = σˆ(0) + αs(Q
2)2σˆ(1) + αs(Q
2)σˆ(2) (1.4)
naturally brings in the dependene on the fatorization saleQ. This dependene is weaker
if we are able to push our omputation of the hard sattering to a suiently high order
in αs. The order at whih the perturbative expansion stops is also lassied as a leading
order (LO), next-to-leading order (NLO) or, even better, a next-to-next-to-leading
(NNLO) ontribution if more and more terms in the expansion are inluded,
At the same time, the parton distributions f(x,Q2) arry a similar dependene on the
sale Q, whih is summarized in a renormalization group equation (RGE) whih resums
the logarithmi violations to the saling behaviour indued by the perturbative expansion.
Also in this ase we need to quantify this eet and redue its impat on the predition of
the ross setion. The topi of this hapter, therefore, is about the quantiation of this
eet and the implementation of an algorithm whih reorganizes the solutions of these
RGE's in a suitable way to render the numerial implementation quik and aurate up
to NLO. This strategy is fully worked out for all the leading twist distributions, with
and without polarization. The results of these hapter an be applied for the preise
determination of both polarized and polarized ross setions in pp ollisions. In hapter
3 this methodology will be pushed even further, to NNLO, whih is the state of the art
in QCD and will be applied to the ase of the Higgs roiss setion, whih is important for
the disovery of this partile at the LHC.
1.2 Parton Dynamis at NLO: a short overview
Our understanding of the QCD dynamis has improved steadily along the years. In fat we
an laim that preision studies of the QCD bakground in a variety of energy ranges, from
intermediate to high energy  whenever perturbation theory and fatorization theorems
hold  are now possible and the level of auray reahed in this area is due both to
theoretial improvements and to the exible numerial implementations of many of the
algorithms developed at theory level.
Beside their importane in the determination of the QCD bakground in the searh of
new physis, these studies onvey an understanding of the struture of the nuleon from
rst priniples, an eort whih is engaging both theoretially and experimentally.
It should be lear, however, that perturbative methods are still bound to approxima-
tions, from the order of the perturbative expansion to the phenomenologial desription
of the parton distribution funtions, being them related to a parton model view of the
QCD dynamis.
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Within the framework of the parton model, evolution equations of DGLAP-type  and
the orresponding initial onditions on the parton distributions  are among the most im-
portant bloks whih haraterize the desription of the quark-gluon interation and, as
suh, deserve ontinuous attention. Other parts of this desription require the omputa-
tion of hard satterings with high auray and an understanding of the fragmentation
region as well. The huge suess of the parton model justies all the eort.
In this onsolidated program, we believe that any attempt to study the renormalization
group evolution desribing the perturbative hange of the distributions with energy, from
a dierent  in this ase, numerial  standpoint is of interest.
In this hapter we illustrate an algorithm based on the use of reursion relations for
the solution of evolution equations of DGLAP type. We are going to disuss some of the
salient features of the method and illustrate its detailed implementation as a omputer
ode up to next-to-leading order in αs.
In this ontext, it is worth to reall that the most ommon method implemented so
far in the solution of the DGLAP equations is the one based on the Mellin moments, with
all its good points and limitations.
The reason for suh limitations are that, while it is rather straightforward to solve
the equations in the spae of moments, their orret inversion is harder to perform, sine
this requires the omputation of an integral in the omplex plane and the searh for an
optimized path.
In this respet, several alternative implementations of the NLO evolution are available
from the previous literature, either based on the use of brute fore algorithms [80℄ or on
the Laguerre expansion [63, 45℄, all with their positive features and their limitations.
Here we doument an implementation to NLO of a method based on an ansatz [109℄
whih allows to rewrite the evolution equations as a set of reursion relations for some sale
invariant funtions, An(x) and Bn(x), whih appear in the expansion. The advantage,
ompared to others, of using these reursion relations is that just few iterates of these are
neessary in order to obtain a stable solution. The number of iterates is determined at run
time. We also mention that our implementation an be extended to more omplex ases,
inluding the ases of nonforward parton distributions and of supersymmetry. Here we
have implemented the reursion method in all the important ases of initial state saling
violations onneted to the evolutions of both polarized and unpolarized parton densities,
inluding the less known transverse spin distributions.
Part of this hapter is supposed to illustrate the algorithm, having worked out in some
detail the struture of the reursion relations rather expliitly, espeially in the ase of
nonsinglet evolutions, suh as for transverse spin distributions.
One of the advantages of the method is its analytial base, sine the reursion relations
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an be written down in expliit form and at the same time one an perform a simple
analytial mathing between various regions in the evolutions, whih is a good feature of
x-spaed methods. While this last aspet is not relevant for ordinary QCD, it is relevant
in other theories, suh as for supersymmetri extensions of the parton model, one one
assumes that, as the evolution sale Q raises, new anomalous dimensions are needed in
order to desribe the mixing between ordinary and supersymmetri partons.
1.3 Denitions and Conventions
In this setion we briey outline our denitions and onventions.
We will be using the running of the oupling onstant up to two-loop level
αs(Q
2) =
4π
β0
1
log(Q2/Λ2
MS
)

1− β1
β20
log log(Q2/Λ2
MS
)
log(Q2/Λ2
MS
)
+O

 1
log2(Q2/Λ2
MS
)



 , (1.5)
where
β0 =
11
3
NC − 4
3
Tf , β1 =
34
3
N2C −
10
3
NCnf − 2CFnf , (1.6)
and
NC = 3, CF =
N2C − 1
2NC
=
4
3
, Tf = TRnf =
1
2
nf , (1.7)
where NC is the number of olors, nf is the number of ative avors, whih is xed by the
number of quarks with mq ≤ Q. We have taken for the quark masses mc = 1.5GeV, mb =
4.5GeV and mt = 175GeV, these are neessary in order to identify the thresholds at
whih the number of avours nf is raised as we inrease the nal evolution sale.
In our onventions ΛQCD is denoted by Λ
(nf )
MS
and is given by
Λ
(3,4,5,6)
MS
= 0.248, 0.200, 0.131, 0.050GeV. (1.8)
We also dene the distribution of a given heliity (±), f±(x,Q2), whih is the prob-
ability of nding a parton of type f at a sale Q, where f = qi, qi, g, in a longitudinally
polarized proton with the spin aligned (+) or anti-aligned (−) respet to the proton spin
and arrying a fration x of the proton's momentum.
As usual, we introdue the longitudinally polarized parton distribution of the proton
∆f(x,Q2) ≡ f+(x,Q2)− f−(x,Q2). (1.9)
We also introdue another type of parton density, termed transverse spin distribution,
whih is dened as the probability of nding a parton of type f in a transversely polarized
proton with its spin parallel (↑) minus the probability of nding it antiparallel (↓) to the
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proton spin
∆Tf(x,Q
2) ≡ f ↑(x,Q2)− f ↓(x,Q2). (1.10)
Similarly, the unpolarized (spin averaged) parton distribution of the proton is given
by
f(x,Q2) ≡ f+(x,Q2) + f−(x,Q2) = f ↑(x,Q2) + f ↓(x,Q2). (1.11)
We also reall that taking linear ombinations of Equations (1.11) and (1.9), one reovers
the parton distributions of a given heliity
f±(x,Q2) =
f(x,Q2)±∆f(x,Q2)
2
. (1.12)
In regard to the kernels, the notations P , ∆P , ∆TP , P
±
, will be used to denote the
Altarelli-Parisi kernels in the unpolarized, longitudinally polarized, transversely polarized,
and the positive (negative) heliity ases respetively.
The DGLAP equation is an integro-dierential equation whose general mathematial
struture is
d
d logQ2
f(x,Q2) = P (x, αs(Q
2))⊗ f(x,Q2), (1.13)
where the onvolution produt is dened by
[a⊗ b] (x) =
∫ 1
x
dy
y
a
(
x
y
)
b(y) =
∫ 1
x
dy
y
a(y)b
(
x
y
)
. (1.14)
Let us now turn to the evolution equations, starting from the unpolarized ase. Den-
ing
q
(±)
i = qi ± qi, q(+) =
nf∑
i=1
q
(+)
i , χi = q
(+)
i −
1
nf
q(+), (1.15)
the evolution equations are
d
d logQ2
q
(−)
i (x,Q
2) = PNS−(x, αs(Q
2))⊗ q(−)i (x,Q2), (1.16)
d
d logQ2
χi(x,Q
2) = PNS+(x, αs(Q
2))⊗ χi(x,Q2), (1.17)
for the nonsinglet setor and
d
d logQ2

 q(+)(x,Q2)
g(x,Q2)

 =

 Pqq(x, αs(Q2)) Pqg(x, αs(Q2))
Pgq(x, αs(Q
2)) Pgg(x, αs(Q
2))

⊗

 q(+)(x,Q2)
g(x,Q2)


(1.18)
for the singlet setor.
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Equations analogous to (1.15  1.18), with just a hange of notation, are valid in the
longitudinally polarized ase and, due to the linearity of the evolution equations, also for
the distributions in the heliity basis. In the transverse ase instead, there is no oupling
between gluons and quarks, so the singlet setor (1.18) is missing. In this ase we will
solve just the nonsinglet equations
d
d logQ2
∆T q
(−)
i (x,Q
2) = ∆TPNS−(x, αs(Q
2))⊗∆T q(−)i (x,Q2), (1.19)
d
d logQ2
∆T q
(+)
i (x,Q
2) = ∆TPNS+(x, αs(Q
2))⊗∆T q(+)i (x,Q2). (1.20)
We also reall that the perturbative expansion, up to next-to-leading order, of the
kernels is
P (x, αs) =
(
αs
2π
)
P (0)(x) +
(
αs
2π
)2
P (1)(x) + . . . . (1.21)
1.4 Mathematial struture of the kernel
Altarelli-Parisi kernels are dened as distributions. The most general form is the following
P (x) = P1(x) +
P2(x)
(1− x)+ + P3δ(1− x), (1.22)
with a regular part P1(x), a plus distribution part P2(x)/(1−x)+ and a delta distribution
part P3δ(1− x). For a generi funtion α(x) dened in the [0, 1) interval and singular in
x = 1, the plus distribution [α(x)]+ is dened by
∫ 1
0
f(x)[α(x)]+dx =
∫ 1
0
(f(x)− f(1))α(x)dx, (1.23)
where f(x) is a regular test funtion. Alternatively, an operative denition (that assumes
full mathematial meaning only when integrated) is the following
[α(x)]+ = α(x)− δ(1− x)
∫ 1
0
α(y)dy. (1.24)
From (1.24) it follows immediately that eah plus distribution integrate to zero in the
[0, 1] interval ∫ 1
0
[α(x)]+dx = 0. (1.25)
Convolution of a generi kernel.
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We want to make the onvolution of the generi kernel (1.22) with a funtion f(x).
To improve numerial stability, in the ode we indeed multiply the funtions to be
onvolved with the kernel (the oeients An and Bn) by an x fator. To ompute
the formulas that we implement in the ode, we introdue the notation f¯(x) = xf(x).
The treatment of the regular and the delta-funtion parts is trivial
P1(x)⊗ f¯(x) = xP1(x)⊗ f(x) = x
∫ 1
x
dy
y
P1(y)f
(
x
y
)
=
∫ 1
x
dyP1(y)f¯
(
x
y
)
(1.26)
P3δ(1− x)⊗ f¯(x) =
∫ 1
x
dy
y
P3δ(1− y)f¯
(
x
y
)
. (1.27)
Let us now treat the more involved ase of the plus distribution part
P2(x)
(1− x)+ ⊗ f(x) =
P2(x)
1− x ⊗ f(x)−
(∫ 1
0
dy
1− y
)
P2(x)δ(1− x)⊗ f(x)
=
∫ 1
x
dy
y
P2(y)
1− y f
(
x
y
)
−
∫ 1
0
dy
1− y
∫ 1
x
dy
y
P2(y)δ(1− y)f
(
x
y
)
=
∫ 1
x
dy
y
P2(y)
1− y f
(
x
y
)
− P2(1)f(x)
∫ 1
0
dy
1− y
=
∫ 1
x
dy
y
P2(y)
1− y f
(
x
y
)
− P2(1)f(x)
∫ 1
x
dy
1− y
−P2(1)f(x)
∫ x
0
dy
1− y (1.28)
=
∫ 1
x
dy
y
P2(y)f(x/y)− yP2(1)f(x)
1− y + f(x) log(1− x), (1.29)
whih yields
P2(x)
(1− x)+ ⊗ f¯(x) =
∫ 1
x
dy
P2(y)f¯(x/y)− P2(1)f¯(x)
1− y + f¯(x) log(1− x). (1.30)
Mellin Moments
The n-th Mellin moment of a funtion of the Bjorken variable f(x) is dened by
fn =
∫ 1
0
xn−1f(x)dx. (1.31)
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An important property of Mellin moments is that the Mellin moment of the onvolu-
tion of two funtions is equal to the produt of the individual Mellin moments
[f ⊗ g]n = fngn. (1.32)
Let us prove it.
[f ⊗ g]n =
∫ 1
0
dxxn−1 [f ⊗ g] (x) =
∫ 1
0
dxxn−1
∫ 1
x
dy
y
f(y)g
(
x
y
)
. (1.33)
Exhanging the x and y integrations
[f ⊗ g]n =
∫ 1
0
dy f(y)
∫ y
0
dx
y
xn−1g
(
x
y
)
, (1.34)
and introduing the new variable z = x/y
[f ⊗ g]n =
∫ 1
0
dy f(y)yn−1
∫ 1
0
dz zn−1g(z) = fngn. (1.35)
This leads to an alternative formulation of DGLAP equation, that is also the most
widely used to numerially solve the evolution equations. By taking the rst Mellin
moment of both sides of the integro-dierential equation (1.13) we are left with the
dierential equation
d
d logQ2
f1(Q
2) = P1(Q
2)f1(Q
2) (1.36)
that an be easily solved to give
f1(Q
2) =
∫ 1
0
f(x,Q2)dx. (1.37)
To get the desired solution f(x,Q2) there is a last step, the inverse Mellin transform
of the rst moment of the parton distributions, involving a numerial integration
on the omplex plane. This is the most diult (and time-onsuming) task that the
algorithms of solution of DGLAP equation based on Mellin transformation  by far the
most widely used  must aomplish. But the most severe restrition of the exibility
of suh evolution odes (for example QCD-Pegasus by Vogt [116℄) as ompared to
x-spae methods is that the initial distribution are needed in a form whih failitates
the inversion of the moments, i.e. a funtional form; but very often parton sets are
given in disrete grids of x and Q values.
From Feynman diagrams alulations one an get just the regular part P1(x) of eah
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kernel. The remaining distributional parts (plus distribution and delta distribution)
emerge from a proedure of regularization, that introdue the plus distribution part to
regularize the eventual singularity in x = 1 and the delta distribution to fulll some
physial onstraints, the sum rules.
The rst one is the baryon number sum rule (BNSR), asserting that the baryon number
(number of quarks less number of antiquarks) of the hadron must remain equal to its initial
value (3 in the ase of the proton) throughout the evolution, i.e. for eah value of Q2
q
(−)
1 (Q
2) =
∫ 1
0
q(−)(x,Q2)dx = 3. (1.38)
Deriving (1.38) with respet to logQ2 and having in mind that q(−) evolves with P VNS, we
get ∫ 1
0
dx
[
P VNS(Q
2)⊗ q(−)(Q2)
]
(x) = 0. (1.39)
Making use of the property of the Mellin moment of a onvolution (1.32) this implies
(∫ 1
0
P VNS(x,Q
2)dx
)(∫ 1
0
q(−)(x,Q2)dx
)
= 0, (1.40)
from whih, using (1.38), we nd the BNSR ondition on the kernel
∫ 1
0
P VNS(x)dx = 0. (1.41)
The other onstraint is the momentum sum rule (MSR), asserting that the total mo-
mentum of the hadron is onstant throughout the evolution. Having in mind that x is
the fration of momentum arried out by eah parton, this onept is translated by the
relation ∫ 1
0
(
xq(+)(x,Q2) + xg(x,Q2)
)
dx = 1 (1.42)
that must hold for eah value of Q2. Deriving with respet to logQ2 and using the singlet
DGLAP equation
∫ 1
0
dxx
{[
Pqq(Q
2)⊗ q(+)(Q2)
]
(x) +
[
Pqg(Q
2)⊗ g(Q2)
]
(x)
+
[
Pgq(Q
2)⊗ q(+)(Q2)
]
(x) +
[
Pgg(Q
2)⊗ g(Q2)
]
(x)
}
= 0. (1.43)
Using (1.32) we get
[∫ 1
0
x
(
Pqq(x,Q
2) + Pgq(x,Q
2)
)
dx
] [∫ 1
0
xq(+)(x,Q2)dx
]
+
[∫ 1
0
x
(
Pqg(x,Q
2) + Pgg(x,Q
2)
)
dx
] [∫ 1
0
xg(x,Q2)dx
]
= 0, (1.44)
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from whih we nd the MSR onditions on the singlet kernels
∫ 1
0
x
(
Pqq(x,Q
2) + Pgq(x,Q
2)
)
dx = 0, (1.45)
∫ 1
0
x
(
Pqg(x,Q
2) + Pgg(x,Q
2)
)
dx = 0. (1.46)
The kernels regularization proedure: an example.
We illustrate now an example of the regularization proedure of the Altarelli-Parisi
kernels through the sum rules. The LO kernels omputed by diagrammati tehniques
for x < 1 are
P (0)qq (x) = P
(0)
NS(x) = CF
[
1 + x2
1− x
]
= CF
[
2
1− x − 1− x
]
(1.47)
P (0)qg (x) = 2Tf
[
x2 + (1− x)2
]
(1.48)
P (0)gq (x) = CF
[
1 + (1− x)2
x
]
(1.49)
P (0)gg (x) = 2NC
[
1
1− x +
1
x
− 2 + x(1− x)
]
. (1.50)
We want to analytially ontinue this kernels to x = 1 uring the ultraviolet singular-
ities in P (0)qq (x) and P
(0)
gg (x). We start introduing the plus distribution presription in
P (0)qq (x). We make the replaement
1
1− x −→
1
(1− x)+ (1.51)
to avoid the singularity and we add a term kδ(1− x) (where k has to be determined)
to fulll the BNSR (1.41). So we have
P (0)qq (x) −→ CF
[
2
(1− x)+ − 1− x+ kδ(1− x)
]
. (1.52)
Imposing by the BNSR that P (0)qq (x) integrates to zero in [0, 1] and remembering that
the plus distribution integrates to zero we get
∫ 1
0
P (0)qq (x)dx = CF
[
−1− 1
2
+ k
]
= 0, (1.53)
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hene k = 3/2, and the regularized form of the kernel is
P (0)qq (x) = CF
[
2
(1− x)+ − 1− x+
3
2
δ(1− x)
]
. (1.54)
Notiing that
∫ 1
0
x
(1− x)+dx =
∫ 1
0
x− 1 + 1
(1− x)+ dx =
∫ 1
0
(
−1 + 1
(1− x)+
)
dx = −1 (1.55)
it an be easily proved that the MSR (1.45) is satised. Let us now regularize Pgg(x).
We make the replaement
P (0)gg (x) −→ 2NC
[
1
(1− x)+ +
1
x
− 2 + x(1 − x)
]
+ kδ(1− x). (1.56)
Imposing the other MSR (1.46) we get
∫ 1
0
{
2NC
[
x
(1− x)+ + 1− 2x+ x
2(1− x)
]
+ kxδ(1− x)
+2Tf
[
x3 + x(1 − x)2
]}
dx = 0, (1.57)
from whih we nd
k =
11
6
NC − 2
3
Tf =
β0
2
, (1.58)
so the regularized form of the kernel is
P (0)gg (x) = 2NC
[
1
(1− x)+ +
1
x
− 2 + x(1− x)
]
+
β0
2
δ(1− x). (1.59)
1.5 The Ansatz and some Examples
In order to solve the evolution equations diretly in x-spae, we assume solutions of the
form
f(x,Q2) =
∞∑
n=0
An(x)
n!
logn
αs(Q
2)
αs(Q20)
+ αs(Q
2)
∞∑
n=0
Bn(x)
n!
logn
αs(Q
2)
αs(Q20)
, (1.60)
for eah parton distribution f , where Q0 denes the initial evolution sale. The justi-
ation of this ansatz an be found, at least in the ase of the photon struture funtion,
in the original work of Rossi [109℄, and its onnetion to the ordinary solutions of the
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DGLAP equations is most easily worked out by taking moments of the sale invariant
oeient funtions An and Bn and omparing them to the orresponding moments of
the parton distributions, as we are going to illustrate in setion 1.7. The link between
Rossi's expansion and the solution of the evolution equations (whih are ordinary dier-
ential equations) in the spae of the moments up to NLO will be disussed in that setion,
from whih it will be lear that Rossi's ansatz involves a resummation of the ordinary
Mellin moments of the parton distributions.
Setting Q = Q0 in (1.60) we get
f(x,Q20) = A0(x) + αs(Q
2
0)B0(x). (1.61)
Inserting (1.60) in the evolution equations, we obtain the following reursion relations for
the oeients An and Bn
An+1(x) = − 2
β0
P (0)(x)⊗An(x), (1.62)
Bn+1(x) = −Bn(x)− β1
4πβ0
An+1(x)− 2
β0
P (0)(x)⊗ Bn(x)− 1
πβ0
P (1)(x)⊗An(x) (1.63)
obtained by equating left-hand sides and right-hand-side of the equation of the same
logarithmi power in logn αs(Q
2) and αs log
n αs(Q
2). Any boundary ondition satisfying
(1.61) an be hosen at the lowest sale Q0 and in our ase we hoose
B0(x) = 0, f(x,Q
2
0) = A0(x). (1.64)
The atual implementation of the reursion relations is the main eort in the atual
writing of the ode. Obviously, this requires partiular are in the handling of the singu-
larities in x-spae, being all the kernels dened as distributions. Sine the distributions
are integrated, there are various ways to render the integrals nite, as disussed in the pre-
vious literature on the method [47℄ in the ase of the photon struture funtion. In these
previous studies the edge-point ontributions  i.e. the terms whih multiply δ(1− x) in
the kernels  are approximated using a sequene of funtions onverging to the δ funtion
in a distributional sense.
This tehnique is not very eient. We think that the best way to proeed is to
atually perform the integrals expliitly in the reursion relations and let the subtrating
terms appear under the same integral together with the bulk ontributions (x < 1) (see
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also [75℄). This proedure is best exemplied by the integral relation
∫ 1
x
dy
y
1
(1− y)+f
(
x
y
)
=
∫ 1
x
dy
y
f(x/y)− yf(x)
1− y + f(x) log(1− x) (1.65)
in whih, on the right hand side, regularity of both the rst and the seond term is expliit.
For instane, the singlet evolution equations beome in the unpolarized ase
dq(+)(x)
d logQ2
= CF
[
2
∫ 1
x
dy
y
q(+)(x/y)− yq(+)(x)
1− y
+2q(+)(x) log(1− x)−
∫ 1
x
dy
y
(1 + y)q(+)
(
x
y
)
+
3
2
q(+)(x)
]
+2TRnf
∫ 1
x
dy
y
[
y2 + (1− y)2
]
g
(
x
y
)
(1.66)
dg(x)
d logQ2
= CF
∫ 1
x
dy
y
1 + (1− y)2
y
q(+)
(
x
y
)
+2NC
[∫ 1
x
dy
y
g(x/y)− yg(x)
1− y + g(x) log(1− x)
+
∫ 1
x
dy
y
(
1
y
− 2 + y(1− y)
)
g
(
x
y
)]
+
β0
2
g(x). (1.67)
1.6 An Example: The Evolution of the Transverse Spin
Distributions
LO and NLO reursion relations for the oeients of the expansion an be worked out
quite easily. We illustrate here in detail the implementation of a nonsinglet evolutions,
suh as those involving transverse spin distributions. For the rst reursion relation (1.62)
in this ase we have
A±n+1(x) = −
2
β0
∆TP
(0)
qq (x)⊗A±n (x) =
CF
(
− 4
β0
)[∫ 1
x
dy
y
yA±n (y)− xA±n (x)
y − x + A
±
n (x) log(1− x)
]
+
CF
(
4
β0
)(∫ 1
x
dy
y
A±n (y)
)
+ CF
(
− 2
β0
)
3
2
A±n (x) . (1.68)
As we move to NLO, it is onvenient to summarize the struture of the transverse kernel
∆TP
±,(1)
qq (x) as
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∆TP
±,(1)
qq (x) = K
±
1 (x)δ(1 − x) +K±2 (x)S2(x) +K±3 (x) log(x)
+K±4 (x) log
2(x) +K±5 (x) log(x) log(1− x) +K±6 (x)
1
(1− x)+ +K
±
7 (x) . (1.69)
Hene, for the (+) ase we have
∆TP
+,(1)
qq (x)⊗ A+n (x) = K+1 A+n (x) +
∫ 1
x
dy
y
[
K+2 (z)S2(z) +K
+
3 (z) log(z)
+ log2(z)K+4 (z) + log(z) log(1− z)K+5 (z)
]
A+n (y) +
K+6
{∫ 1
x
dy
y
yA+n (y)− xA+n (x)
y − x + A
+
n (x) log(1− x)
}
+K+7
∫ 1
x
dy
y
A+n (y) , (1.70)
where z = x/y. For the (−) ase we get a similar expression.
For the B±n+1(x) we get (for the (+) ase)
B+n+1(x) = −B+n (x) +
β1
2β20
{
2CF
[∫ 1
x
dy
y
yA+n (y)− xA+n (x)
y − x + A
+
n (x) log(1− x)
]
+
−2CF
(∫ 1
x
dy
y
A+n (y)
)
+ CF
3
2
A+n (x)
}
− 1
4πβ0
K+1 A
+
n (x) +
∫ 1
x
dy
y
[
K+2 (z)S2(z)+
+ K+3 (z) log(z) + log
2(z)K+4 (z) + log(z) log(1− z)K+5 (z)
] (
− 1
4πβ0
)
A+n (y) +
K+6
(
− 1
4πβ0
){[∫ 1
x
dy
y
yA+n (y)− xA+n (x)
y − x + A
+
n (x) log(1− x)
]
+K+7
∫ 1
x
dy
y
A+n (y)
}
−
CF
(
− 4
β0
) [∫ 1
x
dy
y
yB±n (y)− xB±n (x)
y − x +B
±
n (x) log(1− x)
]
+
CF
(
4
β0
)(∫ 1
x
dy
y
B±n (y)
)
+ CF
(
− 2
β0
)
3
2
B±n (x)
where in the (+) ase we have the expressions
K+1 (x) =
1
72
CF (−2nf (3 + 4π2) +NC(51 + 44π2 − 216ζ(3)) + 9CF (3− 4π2 + 48ζ(3))
K+2 (x) =
2CF (−2CF +NC)x
1 + x
K+3 (x) =
CF (9CF − 11NC + 2nf )x
3(x− 1)
K+4 (x) =
CFNCx
1− x
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K+5 (x) =
4C2Fx
1− x
K+6 (x) = −
1
9
CF (10nf +NC(−67 + 3π2))
K+7 (x) =
1
9
CF (10nf +NC(−67 + 3π2)),
(1.71)
and for the (−) ase
K−1 (x) =
1
72
CF (−2nf(3 + 4π2) +NC(51 + 44π2 − 216ζ(3)) + 9CF (3− 4π2 + 48ζ(3))
K−2 (x) =
2CF (+2CF −NC)x
1 + x
K−3 (x) =
CF (9CF − 11NC + 2nf)x
3(x− 1)
K−4 (x) =
CFNCx
1− x
K−5 (x) =
4C2Fx
1− x
K−6 (x) = −
1
9
CF (10nf +NC(−67 + 3π2))
K−7 (x) = −
1
9
CF (10nf − 18CF (x− 1) +NC(−76 + 3π2 + 9x)).
(1.72)
The terms ontaining similar distribution (suh as + distributions and δ funtions) have
been ombined together in order to speed-up the omputation of the reursion relations.
1.7 Comparisons among Moments
It is partiularly instrutive to illustrate here briey the relation between the Mellin
moments of the parton distributions, whih evolve with standard ordinary dierential
equations, and those of the arbitrary oeient An(x) and Bn(x) whih haraterize
Rossi's expansion up to next-to-leading order. This relation, as we are going to show,
involves a resummation of the ordinary moments of the parton distributions.
Speially, here we will be dealing with the relation between the Mellin moments of
the oeients appearing in the expansion
A(N) =
∫ 1
0
dx xN−1A(x)
B(N) =
∫ 1
0
dx xN−1B(x)
Chapter 1. Diret solution of RGE of QCD in x-spae: NLO implementations 29
(1.73)
and those of the distributions
∆T q
(±)(N,Q2) =
∫ 1
0
dx xN−1∆T q
(±)(x,Q2)). (1.74)
For this purpose we reall that the general (nonsinglet) solution to NLO for the latter
moments is given by
∆T q±(N,Q
2) = K(Q20, Q
2, N)
(
αs(Q
2)
αs(Q20)
)−2∆TP (0)qq (N)/β0
∆T q±(N,Q
2
0)
with the input distributions ∆T q
n
±(Q
2
0) at the input sale Q0. We also have set
K(Q20, Q
2, N) = 1 +
αs(Q
2
0)− αs(Q2)
πβ0
[
∆TP
(1)
qq,±(N)−
β1
2β0
∆TP
(0)
qq±(N)
]
. (1.75)
In the expressions above we have introdued the orresponding moments for the LO and
NLO kernels (∆TP
(0),N
qq , ∆TP
(1),N
qq,± ).
The relation between the moments of the oeients of the nonsinglet x-spae expan-
sion and those of the parton distributions at any Q, as expressed by eq. (1.75) an be
easily written down
An(N) + αsBn(N) = ∆T q±(N,Q
2
0)K(Q0, Q,N)
(−2∆TPqq(N)
β0
)n
. (1.76)
As a hek of this expression, notie that the initial ondition is easily obtained from
(1.76) setting Q→ Q0, n→ 0, thereby obtaining
ANS0 (N) + αsB
NS
0 (N) = ∆T q±(N,Q
2
0), (1.77)
whih an be solved with ANS0 (N) = ∆T q±(N,Q
2
0) and B
NS
0 (N) = 0.
It is then evident that the expansion (1.60) involves a resummation of the logarithmi
ontributions, as shown in eq. (1.76).
In the singlet setor we an work out a similar relation both to LO
An(N) = e1
(−2λ1
β0
)n
+ e2
(−2λ2
β0
)n
(1.78)
with
e1 =
1
λ1 − λ2
(
P (0)(N)− λ21
)
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e2 =
1
λ2 − λ1
(
−P (0)(N) + λ11
)
λ1,2 =
1
2
(
P (0)qq (N) + P
(0)
gg (N)±
√(
P
(0)
qq (N)− P (0)gg (N)
)2
+ 4P
(0)
qg (N)P
(0)
gq (N)
)
,(1.79)
and to NLO
An(N) + αsBn(N) = χ1
(−2λ1
β0
)n
+ χ2
(−2λ2
β0
)n
, (1.80)
where
χ1 = e1 +
α
2π
(−2
β0
e1Re1 +
e2Re1
λ1 − λ2 − β0/2
)
χ2 = e2 +
α
2π
(−2
β0
e2Re2 +
e1Re2
λ2 − λ1 − β0/2
)
(1.81)
with
R = P (1)(N)− β1
2β0
P (0)(N). (1.82)
We remark that An(N) and Bn(N), P
(0)(N), P (1)(N), in this ase, are all 2-by-2 singlet
matries.
1.8 Initial onditions
As input distributions in the unpolarized ase, we have used the models of Ref.[71℄, valid
to NLO in the MS sheme at a sale Q20 = 0.40GeV
2
x(u− u)(x,Q20) = 0.632x0.43(1− x)3.09(1 + 18.2x)
x(d − d)(x,Q20) = 0.624(1− x)1.0x(u− u)(x,Q20)
x(d− u)(x,Q20) = 0.20x0.43(1− x)12.4(1− 13.3
√
x+ 60.0x)
x(u+ d)(x,Q20) = 1.24x
0.20(1− x)8.5(1− 2.3√x+ 5.7x)
xg(x,Q20) = 20.80x
1.6(1− x)4.1 (1.83)
and xqi(x,Q
2
0) = xqi(x,Q
2
0) = 0 for qi = s, c, b, t.
Following [70℄, we have related the unpolarized input distribution to the longitudinally
polarized ones
x∆u(x,Q20) = 1.019x
0.52(1− x)0.12xu(x,Q20)
x∆d(x,Q20) = −0.669x0.43xd(x,Q20)
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x∆u(x,Q20) = −0.272x0.38xu(x,Q20)
x∆d(x,Q20) = x∆u(x,Q
2
0)
x∆g(x,Q20) = 1.419x
1.43(1− x)0.15xg(x,Q20) (1.84)
and x∆qi(x,Q
2
0) = x∆qi(x,Q
2
0) = 0 for qi = s, c, b, t. Being the transversity distribution
experimentally unknown, following [96℄, we assume the saturation of Soer's inequality
x∆T qi(x,Q
2
0) =
xqi(x,Q
2
0) + x∆qi(x,Q
2
0)
2
. (1.85)
These input distributions will be used in the next setion in the analysis of the trans-
verse asymmetries for polarized pp ollisions in the Drell-Yan proess.
1.9 Transversity in the Drell-Yan proess
The Drell-Yan mehanism for lepton pair prodution is, at parton level, desribed by
the annihilation of a quark-antiquark pair (qq¯) into an s-hannel (virtual) photon whih
deays into a lepton pair. The proess is haraterized by a distint signature, sine the
two leptons (l+l−) of the nal state an be more easily identied. As we have disussed in
the previous setions of this hapter, the study of the transverse spin distributions of the
proton is an ongoing proess whih requires more experimental data in the future in order
to provide us with a learer understanding of these funtions. The natural question to ask
is: what are the proesses mediated at parton level by these partiular matrix elements,
whih therefore arry information, over to the nal state, on the distribution of transverse
spin in the proton. In this setion we foalize our attention on the phenomenology of the
transversely polarized distributions ha1(x,Q
2) (or ∆T (x,Q
2) in other notations) whih is
the missing part in the QCD desription of the spin struture of the nuleon at leading
twist.
Sine ha1(x,Q
2) is hirally-odd, as disussed by Jae, one of the possible way to aess
the measurement of this observable is the Drell-Yan proess.
In fat, in deep inelasti sattering proesses ha1(x,Q
2) is severely suppressed in the
operator produt expansion sine it needs a mass insertion in the unitarity diagram to
appear. So the Drell-Yan proess remains up to now the theoretially leanest way to
observe ha1(x,Q
2).
In a polarized proton-antiproton ollision one an onstrut an asymmetry ATT whih
is proportional to the produt of transversity of the proton's quark and the transversity
of the antiproton's anti-quark, whih are equal due to the harge onjugation. The most
reent experimental proposal of antiproton-proton sattering with polarization has been
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presented by the PAX ollaboration. In the PAX experiment polarized antiprotons are
produed by spin ltering an internal polarized gas target and sattered o protons at
intermediate energy. The omputation of the related transverse spin asymmetries in Drell-
Yan, whih we are going to disuss below, is performed using the fatorization formula
for the ross setion dδσ ≡
(
dσ↑↑ − dσ↑↓
)
/2. This is given as a double onvolution of
transversity distributions with the orresponding transversely polarized partoni ross se-
tion. In the ase of antiproton-proton ollision with a di-muon prodution the expression
is
dδσ
dMdydφ
=
∑
q
e˜2q
∫ 1
x01
dx1
∫ 1
x02
dx2
[
∆T q(x1, µ
2
F )∆T q(x2, µ
2
F ) + ∆T q¯(x1, µ
2
F )∆T q¯(x2, µ
2
F )
]
× d∆T σˆ
dMdydφ
(1.86)
where µ2F is the fatorization sale of the proess, and the harge e˜ is quite general,
sine it may enompass both eletromagneti and eletroweak eets. S is the enter
of mass initial energy and M represents the invariant mass of the virtual photon. The
y variable is alled rapidity and it is onneted with the variables x01, x
0
2 by a saling
parameter τ =M2/S as x01 =
√
τey, x02 =
√
τe−y. φ is the azimuthal angle of one muon.
The next-to-leading order αs expression [97℄ for the hard sattering term is written in
the modied minimal subtration MS sheme as follows
d∆T σˆ
(1),MS
dMdydφ
=
2α2
9SM
CF
αs(µ
2
R)
2π
4τ(x1x2 + τ)
x1x2(x1 + x01)(x2 + x
0
2)
cos(2φ)
×
{
δ(x1 − x01)δ(x2 − x02)
[
1
4
ln2
(1− x01)(1− x02)
τ
+
π2
4
− 2
]
+δ(x1 − x01)
[
1
(x2 − x02)+
ln
2x2(1− x01)
τ(x2 + x02)
+
(
ln(x2 − x02)
x2 − x02
)
+
+
1
x2 − x02
ln
x02
x2
]
+
1
2[(x1 − x01)(x2 − x02)]+
+
(x1 + x
0
1)(x2 + x
0
2)
(x1x02 + x2x
0
1)
2
−
3 ln
(
x1x2+τ
x1x02+x2x
0
1
)
(x1 − x01)(x2 − x02)

+
[1↔ 2] .
(1.87)
In this expression the renormalization sale µR has been set to oinide with the fator-
ization sale µF = M . We reall that a dierent hoie for these two sales would be
responsible for the generation of additional logs (log(µ2F/µ
2
R)) both in the evolution and
in the hard satterings. This issue will be disussed in more detail in the omputation of
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the Higgs total ross setion, where it has more relevane.
The expression of the LO ross setion is quite simple and it reads
d∆T σˆ
(0)
dMdydφ
=
2α2
9SM
cos(2φ)δ(x1 − x01)δ(x2 − x02) . (1.88)
To lowest order (LO) x01 and x
0
2 oinide with the momentum frations arried by the
inident partons.
The asymmetry depending on y variable an be onstruted
ATT (y) ≡
∫M1
M0
dM
(∫ pi/4
−pi/4−
∫ 3pi/4
pi/4 +
∫ 5pi/4
3pi/4 −
∫ 7pi/4
5pi/4
)
dφ dδσ/dMdydφ∫M1
M0
dM
∫ 2pi
0 dφ dσ/dMdydφ
. (1.89)
A measurement of the asymmetry with a suient auray an be done in the PAX
experiment in the dilepton mass region below the J/Ψ threshold and a systemati study
at leading order has be done in this last two years [51, 9℄. We have numerially analyzed
[15℄ a region very lose to the J/Ψ resonane M ≈ 4 GeV2 to NLO sine ould be ruial
in order to enhane the ross setion. In fat asymmetries would be very diult to
measure in a region haraterized by a fast falling ross setion. Near a resonane the
possibility of a suessfull measurement is sharply enhaned. The ross setion for dilepton
prodution inreases by almost 2 orders of magnitude in going fromM = 4 toM = 3 GeV,
sine this ross setion involves unknown quantities related to qq¯-J/Ψ oupling. However,
independently of these unknown quantities, the qq¯-J/Ψ oupling is a vetor one, with the
same spinor and Lorentz struture as qq¯-γ∗ oupling. These unknown quantities anel in
the ratio giving ATT , while the heliity struture remains, so that the asymmetry is given
by
ATT ≃ aˆTT h
u
1(x1,M
2)hu1(x2,M
2)
u(x1,M2)u(x2,M2)
, (1.90)
where aˆTT is the double spin asymmetry of the elementary QED proess qq¯ → l+l−
aˆTT =
sin2 θ
1 + cos2 θ
cos 2φ (1.91)
This substantially enhanes the sensitivity of the PAX experiment to ATT and the amount
of diret information ahievable on hu1(x1,M
2)hu1(x2,M
2). In order to evolve the transver-
sity we have used the longitudinal bound on the inputs
hq1(x,Q
2
0) = ∆q(x,Q
2
0) (1.92)
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Figure 1.1: NLO asymmetry alulated at M = 4 GeV with MRST inputs.
and we performed the evolution at LO and NLO starting by the same initial point Q20 = 1
GeV
2
for the GRV's and Q20 = 0.4 GeV
2
for the set of distributions termed MRST's.
We show below some plots of the asymmetry vs the rapidity alulated at NLO using
dierent input parton distribution funtions and at dierent values of S. In g. (1.1) we
present NLO results for the transverse double spin asymmetries for an invariant mass of
the lepton pair equal to 4 GeV and in g. (1.2) we plot the unpolarized ross setion at
the same energy. The asymmetry is about 15 perent, onsidering a GRV input model
for the transverse spin distributions, with a sizeable ross setion. We also show results
for the integrated asymmetries in gs. (1.3) and (1.4), whih grow up to 35-40 perent,
and are therefore sizeable.
1.10 Doumentation of the Code
In this setion we desribe the variables, the parameters and the funtions introdued in
the numerial implementation of the program. The notation that we use is the standard
one adopted by Computer Physis Communiation for the doumentation of the ode.
This setion onsists of a list of all the funtions and variables dened in the program,
the output les, and some omments onerning the performane of the implementation.
Chapter 1. Diret solution of RGE of QCD in x-spae: NLO implementations 35
0
1
2
3
4
5
6
7
8
9
10
0 0.2 0.4 0.6 0.8 1 1.2 1.4
|δσ
| [p
b]
y
s=45 GeV2
s=200 GeV2
Figure 1.2: NLO ross setion alulated at M = 4 GeV with MSRT inputs.
1.10.1 Names of the input parameters, variables and of the out-
put les
1.10.1.1 Notations
0 gluons, g g
1-6 quarks, qi, sorted by their mass values(u, d, s, c, b, t) u,d,s,,b,t
7-12 antiquarks, qi au,ad,as,a,ab,at
13-18 q
(−)
i um,dm,sm,m,bm,tm
19-24 χi (unpolarized and longitudinally polarized ases) Cu,Cd,Cs,C,Cb,Ct
q
(+)
i (transversely polarized ase) Cu,Cd,Cs,C,Cb,Ct
25 q(+) qp
1.10.1.2 Input parameters and variables
proess 0 unpolarized
1 longitudinally polarized
2 transversely polarized
spaing 1 linear
2 logarithmi
GRID_PTS Number of points in the grid
NGP Number of Gaussian points, nG
ITERATIONS Number of terms in the sum (1.60)
extension Extension of the output les
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Figure 1.3: NLO Asymmetry alulated integrating M between 2 and 3 GeV with GRV
inputs.
step grid step (linear spaing ase)
lstep step in log10 x (logarithmi spaing ase)
X[i℄ i-th grid point, xi
XG[i℄[j℄ j-th Gaussian absissa in the range [xi, 1], Xij
WG[i℄[j℄ j-th Gaussian weights in the range [xi, 1], Wij
nf, Nf number of ative avors, nf
n_evol progressive number of the evolution step is nf − 3
Q[i℄ values of Q in the orresponding grid
lambda[i℄ Λ
(nf )
MS
, where i = nf − 3
A[i℄[j℄[k℄ oeient Aj(xk) for the distribution with index i
B[i℄[j℄[k℄ oeient Bj(xk) for the distribution with index i
beta0 β0
beta1 β1
alpha1 αs(Qin), where Qin is the lower Q of the evolution step
alpha2 αs(Qfin), where Qfin is the higher Q of the evolution step
1.10.1.3 Output les
The generi name of an output le is: Xn i.ext, where
X is U in the unpolarized ase, L in the longitudinally polarized ase and T in the trans-
versely polarized ase;
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Figure 1.4: NLO Asymmetry alulated integrating M between 4 and 7 GeV with GRV
inputs.
n is a progressive number that indiates the sale Q2 at a given stage: n = 0 refers to
the initial sale, the highest value of n refers to the nal sale and the intermediate
values refer to the quarks prodution thresholds (1 for harm, 2 for bottom and 3
for top);
i is the identier of the distribution, reported in the third olumn of the table in subsub-
setion 1.10.1.1;
ext is an extension hosen by the user.
1.10.2 Desription of the program
1.10.2.1 Main program
At run time, the program asks the user to selet a linear or a logarithmi spaing for the
x-axis. The logarithmi spaing is useful in order to analyze the small-x behavior. Then
the program stores as external variables the grid points xi and, for eah of them, alls the
funtion gauleg whih omputes the Gaussian points Xij and weights Wij orresponding
to the integration range [xi, 1], with 0 ≤ j ≤ nG−1. After that, the user is asked to enter
the type of proess, the nal value of Q and an extension for the names of the output
les. At this point the program omputes the initial values of the parton distributions for
gluons, up, down, anti-up and anti-down (see Setion 1.8) at the grid points and stores
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them in the arrays A[i℄[0℄[k℄ (see (1.64)), setting to zero the initial distributions of the
heavier quarks.
The evolution is done in the various regions of the evolutions, all haraterized by
a spei avour number. Eah new avour omes into play only when the sale Q
reahes the orresponding quark mass. In that ase nf is inreased by 1 everywhere in
the program. The reurrene relations (1.62) and (1.63) are then solved iteratively for
both the nonsinglet and the singlet setor, and at the end of eah energy step the evolved
distributions are reonstruted via the relation (1.60). The distributions omputed in this
way beome the initial onditions for the subsequent step. The numerial values of the
distributions at the end of eah energy step are printed to les.
1.10.2.2 Funtion writefile
void writefile(double *A,har *filename);
This funtion reates a le, whose name is ontained in the string *filename, with
an output haraterized by two olumns of data: the left olumn ontains all the values
of the grid points xi and the right one the orresponding values of the array A[i℄.
1.10.2.3 Funtion alpha_s
double alpha_s(double Q,double beta0,double beta1,double lambda);
Given the energy sale Q, the rst two terms of the perturbative expansion of the
β-funtion beta0 and beta1 and the value lambda of Λ
(nf )
MS
, alpha_s returns the two-loop
running of the oupling onstant, using the formula (1.5).
1.10.2.4 Funtion gauleg
void gauleg(double x1,double x2,double x[℄,double w[℄,int n);
This funtion is taken from [104℄ with just some minor hanges. Given the lower and
upper limits of integration x1 and x2, and given n, gauleg returns arrays x[0,...,n-1℄
and w[0,...,n-1℄ of length n, ontaining the absissas and weights of the Gauss-Legendre
n-point quadrature formula.
1.10.2.5 Funtion interp
double interp(double *A,double x);
Given an array A, representing a funtion known only at the grid points, and a number
x in the interval [0, 1], interp returns the linear interpolation of the funtion at the point
x.
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1.10.2.6 Funtion IntGL
double IntGL(int i,double kernel(double z),double *A);
Given an integer i (orresponding to a grid point xi), a one variable funtion kernel(z)
and an array A, representing a funtion g(x) known at the grid points, IntGL returns the
result of the integral ∫ 1
xi
dy
y
kernel
(
xi
y
)
g(xi), (1.93)
omputed by the Gauss-Legendre tehnique.
1.10.2.7 Funtion IntPD
double IntGL(int i,double *A);
Given an integer i, to whih it orresponds a grid point xi, and an array A, representing
a funtion f(x) known at the grid points, IntGL returns the result of the onvolution
1
(1− xi)+ ⊗ f(xi) =
∫ 1
xi
dy
y
yf(y)− xif(xi)
y − xi + f(xi) log(1− xi), (1.94)
omputed by the Gauss-Legendre tehnique.
1.10.2.8 Funtion S2
double S2(double z);
This funtion evaluates the Spene funtion S2(z) using the expansion
S2(z) = log z log(1− z)− 1
4
(log z)2 +
π2
12
+
∞∑
n=1
(−z)n
n2
(1.95)
arrested at the 50th order.
1.10.2.9 Funtion fat
double fat(int n);
This funtion returns the fatorial n!
1.10.2.10 Initial distributions
double xuv(double x);
double xdv(double x);
double xdbmub(double x);
double xubpdb(double x);
double xg(double x);
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double xu(double x);
double xubar(double x);
double xd(double x);
double xdbar(double x);
double xDg(double x);
double xDu(double x);
double xDubar(double x);
double xDd(double x);
double xDdbar(double x);
Given the Bjorken variable x, these funtions return the initial distributions at the
input sale (see Setion 1.8).
1.10.2.11 Regular part of the kernels
double P0NS(double z);
double P0qq(double z);
double P0qg(double z);
double P0gq(double z);
double P0gg(double z);
double P1NSm(double z);
double P1NSp(double z);
double P1qq(double z);
double P1qg(double z);
double P1gq(double z);
double P1gg(double z);
double DP0NS(double z);
double DP0qq(double z);
double DP0qg(double z);
double DP0gq(double z);
double DP0gg(double z);
double DP1NSm(double z);
double DP1NSp(double z);
double DP1qq(double z);
double DP1qg(double z);
double DP1gq(double z);
double DP1gg(double z);
double tP0(double z);
double tP1m(double z);
Chapter 1. Diret solution of RGE of QCD in x-spae: NLO implementations 41
double tP1p(double z);
Given the Bjorken variable z, these funtions return the part of the Altarelli-Parisi
kernels that does not ontain singularities.
1.10.3 Running the ode
In the plots shown in this hapter we have divided the interval [0, 1] of the Bjorken variable
x in 500 subintervals (GRID_PTS=501), 30 Gaussian points (NGP=1), and we have retained
10 terms in the sum (1.60) (ITERATIONS=10). In the gures 1.11 and 1.16 the ag spaing
has been set to 2, in order to have a logarithmially spaed grid. This feature turns useful
if one intends to analyze the small-x behavior. We have tested our implementation in a
detailed study of Soer's inequality up to NLO [29℄.
Figure 1.5: Evolution of the unpolarized quark up distribution xu versus x at various Q
values.
Figure 1.6: Evolution of xd versus x at various Q values.
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Figure 1.7: Evolution of xs = xs versus x at various Q values.
Figure 1.8: Evolution of the unpolarized antiquark up distribution xu versus x at various
Q values.
1.11 Unpolarized kernels
The referene for the unpolarized kernels is [63℄, rearranged for our purposes. We remind
that the plus distribution is dened by
∫ 1
0
dx
f(x)
(1− x)+ =
∫ 1
0
dx
f(x)− f(1)
1− x (1.96)
and the Spene funtion is
S2(x) = −2Li2(−x)− 2 log x log(1 + x) + 1
2
log2 x− π
2
6
, (1.97)
where the dilogarithm is dened by
Li2(x) =
∫ 0
x
log(1− t)
t
dt. (1.98)
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Figure 1.9: Evolution of the unpolarized gluon distribution xg versus x at various Q
values.A
Figure 1.10: Evolution of the longitudinally polarized quark up distribution x∆u versus
x at various Q values.
P
(0)
NS−(x) = P
(0)
NS+(x) = P
(0)
qq (x) = CF
[
2
(1− x)+ − 1− x+
3
2
δ(1− x)
]
(1.99)
P (0)qg (x) = 2Tf
[
x2 + (1− x)2
]
(1.100)
P (0)gq (x) = CF
[
1 + (1− x)2
x
]
(1.101)
P (0)gg (x) = 2NC
[
1
(1− x)+ +
1
x
− 2 + x(1− x)
]
+
β(0)
2
δ(1− x) (1.102)
P
(1)
NS−(x) =
{
CF
18
[
162CF (x− 1) + 4Tf(11x− 1) +NC(89− 223x+ 3π2(1 + x))
]}
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Figure 1.11: As in gure (1.10), but now the x-axis is in logarithmi sale, to show the
small-x behavior.
Figure 1.12: Evolution of x∆d versus x at various Q values.
+
{
CF [30CF − 23NC + 4Tf + 12CFx+ (NC − 24CF + 4Tf)x2]
6(x− 1)
}
log x
+
{
CF [CF −NC − (CF +NC)x2]
2(x− 1)
}
log2 x
+
{
2C2F (1 + x
2)
x− 1
}
log x log(1− x)
−
{
CF (2CF −NC)(1 + x2)
1 + x
}
S2(x)
−
{
CF
9
[
NC(3π
2 − 67) + 20Tf
]} 1
(1− x)+
+
{
CF
72
[
NC(51 + 44π
2 − 216ζ(3))− 4Tf(3 + 4π2)
+9CF (3− 4π2 + 48ζ(3))
]}
δ(1− x) (1.103)
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Figure 1.13: Evolution of x∆s = x∆s versus x at various Q values.
Figure 1.14: Evolution of the longitudinally polarized antiquark up distribution x∆u
versus x at various Q values.
P
(1)
NS+(x) =
{
CF
18
[
18CF (x− 1) + 4Tf(11x− 1) +NC(17− 151x+ 3π2(1 + x))
]}
+
{
CF [6CF (1 + 2x)− (11NC − 4Tf)(1 + x2)]
6(x− 1)
}
log x
+
{
CF [CF −NC − (CF +NC)x2]
2(x− 1)
}
log2 x
+
{
2C2F (1 + x
2)
x− 1
}
log x log(1− x)
+
{
CF (2CF −NC)(1 + x2)
1 + x
}
S2(x)
−
{
CF
9
[
NC(3π
2 − 67) + 20Tf
]} 1
(1− x)+
+
{
CF
72
[
NC(51 + 44π
2 − 216ζ(3))− 4Tf(3 + 4π2)
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Figure 1.15: Evolution of the longitudinally polarized gluon distribution x∆g versus x at
various Q values.
Figure 1.16: As in gure (1.15), but now the x-axis is in logarithmi sale.
+9CF (3− 4π2 + 48ζ(3))
]}
δ(1− x) (1.104)
P (1)qq (x) =
CF
18x
{
x
[
18CF (x− 1) +NC
(
17− 151x+ 3π2(1 + x)
)]
+4Tf [20− x (19 + x(56x− 65))]}
+
{
CF [6CF (1 + 2x)− 11NC(1 + x2) + 8Tf (2x(2x(1 + x)− 3)− 1)]
6(x− 1)
}
log x
+
{
CF [CF −NC + 4Tf − (CF +NC + 4Tf )x2]
2(x− 1)
}
log2 x
+
{
2C2F (1 + x
2)
x− 1
}
log x log(1− x)
+
{
CF (2CF −NC)(1 + x2)
1 + x
}
S2(x)
−
{
CF
9
[
NC(3π
2 − 67) + 20Tf
]} 1
(1− x)+
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Figure 1.17: Evolution of the transversely polarized quark up distribution x∆Tu versus x
at various Q values.
Figure 1.18: Evolution of x∆Td versus x at various Q values.
+
{
CF
72
[
NC(51 + 44π
2 − 216ζ(3))− 4Tf(3 + 4π2)
+9CF (3− 4π2 + 48ζ(3))
]}
δ(1− x) (1.105)
P (1)qg (x) =
{
1
9x
[
Tf
(
3CFx(42 − 87x+ 60x2 − π2(2 + 4(x− 1)x))
+NC(40 + x(450x− 36− 436x2 + π2(3 + 6(x− 1)x)))
)]}
+
{
Tf
3
[
6NC + 8NCx(6 + 11x) + 3CF (3− 4x+ 8x2)
]}
log x
+ {8(CF −NC)Tf(1− x)x} log(1− x)
+
{
Tf
[
CF (1− 2x+ 4x2)−NC(3 + 2x(3 + x))
]}
log2 x
+ {2(CF −NC)Tf [1 + 2(x− 1)x]} log2(1− x)
−{4CFTf [1 + 2(x− 1)x]} log x log(1− x)
+ {2NCTf [1 + 2x(1 + x)]}S2(x) (1.106)
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Figure 1.19: Evolution of the transversely polarized antiquark up distribution x∆Tu versus
x at various Q values.
P (1)gq (x) =
{
1
18x
[
CF
(
NC(18− 3π2(2 + (x− 2)x) + 2x(19 + x(37 + 44x)))
−9CFx(5 + 7x)− 16Tf(5 + x(4x− 5)))]}
+
{
CF
6
[3CF (4 + 7x)− 2NC (36 + x(15 + 8x))]
}
log x
+
{
CF
3x
[NC (22 + x(17x− 22))− 4Tf (2 + (x− 2)x)
−3CF (6 + x(5x− 6))]} log(1− x)
+
{
CF
2x
[CF (x− 2)x+NC (2 + 3x(2 + x))]
}
log2 x
+
{
CF (NC − CF ) [2 + (x− 2)x]
x
}
log2(1− x)
−
{
2CFNC (2 + (x− 2)x)
x
}
log x log(1− x)
−
{
CFNC (2 + x(2 + x))
x
}
S2(x) (1.107)
P (1)gg (x) =
{
1
18x
[24CFTf (x− 1) (x(11 + 5x)− 1) + 4NCTf (x(29 + x(23x− 19))− 23)
+N2C
(
6π2(x(2 + (x− 1)x)− 1)− x(25 + 109x)
)]}
+
{
N2C [11(1− 4x)x− 25]− 4NCTf(1 + x)− 6CFTf (3 + 5x)
3
}
log x
+
{
2CFTfx(x
2 − 1) +N2C [1 + x (2 + x(3 + (x− 6)x))]
(1− x)x
}
log2 x
+
{
4N2C [1 + (x− 1)x]2
(x− 1)x
}
log x log(1− x)
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−
{
2N2C (1 + x+ x
2)
2
x(1 + x)
}
S2(x)
−
{
NC
9
[
NC(3π
2 − 67) + 20Tf
]} 1
(1− x)+
+
{
NC
3
[NC(8 + 9ζ(3))− 4Tf ]− CFTf
}
δ(1− x) (1.108)
1.12 Longitudinally polarized kernels
The referene for the longitudinally polarized kernels is [114℄.
∆P
(0)
NS−(x) = ∆P
(0)
NS+(x) = ∆P
(0)
qq (x) = CF
[
2
(1− x)+ − 1− x+
3
2
δ(1− x)
]
(1.109)
∆P (0)qg (x) = 2Tf(2x− 1) (1.110)
∆P (0)gq (x) = CF (2− x) (1.111)
∆P (0)gg (x) = 2NC
[
1
(1− x)+ − 2x+ 1
]
+
β(0)
2
δ(1− x) (1.112)
∆P
(1)
NS−(x) = P
(1)
NS+(x) (1.113)
∆P
(1)
NS+(x) = P
(1)
NS−(x) (1.114)
∆P (1)qq (x) =
{
CF
18
[
162CF (x− 1) + 8Tf(4 + z) +NC
(
89− 223x+ 3π2(1 + x)
)]}
+
{
CF
6(x− 1)
[
NC(x
2 − 23)− 6CF (4x2 − 2x− 5)
+8Tf (2 + x(5x− 6))]} log x
+
{
CF [CF −NC + 4Tf − (CF +NC + 4Tf)x2]
2(x− 1)
}
log2 x
+
{
2C2F (1 + x
2)
x− 1
}
log x log(1− x)
−
{
CF (2CF −NC)(1 + x2)
1 + x
}
S2(x)
−
{
CF
9
[
NC(3π
2 − 67) + 20Tf
]} 1
(1− x)+
+
{
CF
72
[
NC(51 + 44π
2 − 216ζ(3))− 4Tf(3 + 4π2)
+9CF (3− 4π2 + 48ζ(3))
]}
δ(1− x) (1.115)
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∆P (1)qg (x) =
{
Tf
3
[
CF
(
π2(2− 4x)− 66 + 81x
)
+NC
(
72− 66x+ π2(2x− 1)
)]}
+ {Tf [2NC(1 + 8x)− 9CF ]} log x
+ {8(NC − CF )Tf(x− 1)} log(1− x)
+ {Tf [CF (2x− 1)− 3NC(1 + 2x)]} log2 x
+ {2(CF −NC)Tf(2x− 1)} log2(1− x)
+ {4CFTf(1− 2x)} log x log(1− x)
+ {2NCTf(1 + 2x)}S2(x) (1.116)
∆P (1)gq (x) =
{
CF
18
[
9CF (8x− 17)− 8Tf(4 + x) +NC
(
82 + 3π2(x− 2) + 70x
)]}
+
{
CF
2
[NC(8− 26x) + CF (x− 4)]
}
log x
+
{
CF
3
[4Tf(x− 2)− 3CF (2 + x) +NC(10 + x)]
}
log(1− x)
+
{
CF
2
[3NC(2 + x)− CF (x− 2)]
}
log2 x
+ {CF (CF −NC)(x− 2)} log2(1− x)
+ {2CFNC(x− 2)} log x log(1− x)
−{CFNC(2 + x)}S2(x) (1.117)
∆P (1)gg (x) =
{
1
18
[
180CFTf (x− 1) + 8NCTf(19x− 4) +N2C
(
6π2(1 + 2x)− 305− 97x
)]}
+
{
1
3
[
N2C(29− 67x) + 6CFTf(x− 5)− 4NCTf(1 + x)
]}
log x
+
{
N2C(2x
2 + x− 4)− 2CFTf(x2 − 1)
x− 1
}
log2 x
+
{
4N2Cx(2x− 1)
x− 1
}
log x log(1− x)
−
{
2N2Cx(1 + 2x)
1 + x
}
S2(x)
−
{
NC
9
[
NC(3π
2 − 67) + 20Tf
]} 1
(1− x)+
+
{
1
3
[
N2C(8 + 9ζ(3))− 3CFTf − 4NCTf
]}
δ(1− x) (1.118)
1.13 Transversely polarized kernels
The referene for the transversely polarized kernels is [115℄.
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∆TP
(0)
NS−(x) = ∆TP
(0)
NS+(x) = CF
[
2
(1− x)+ − 2 +
3
2
δ(1− x)
]
(1.119)
∆TP
(1)
NS− =
{
CF
9
[
20Tf − 18CF (x− 1) +NC(9x− 76 + 3π2)
]}
+
{
CF (9CF − 11NC + 4Tf )x
3(x− 1)
}
log x
+
{
CFNCx
1− x
}
log2 x
+
{
4C2Fx
x− 1
}
log x log(1− x)
+
{
2CF (2CF −NC)x
1 + x
}
S2(x)
−
{
CF
9
[
NC(3π
2 − 67) + 20Tf
]} 1
(1− x)+
+
{
CF
72
[
NC(51 + 44π
2 − 216ζ(3))− 4Tf(3 + 4π2)
+9CF (3− 4π2 + 48ζ(3))
]}
δ(1− x) (1.120)
∆TP
(1)
NS+ =
{
CF
9
[
NC(3π
2 − 67) + 20Tf
]}
+
{
CF (9CF − 11NC + 4Tf)x
3(x− 1)
}
log x
+
{
CFNCx
1− x
}
log2 x
+
{
4C2Fx
x− 1
}
log x log(1− x)
+
{
2CF (NC − 2CF )x
1 + x
}
S2(x)
−
{
CF
9
[
NC(3π
2 − 67) + 20Tf
]} 1
(1− x)+
+
{
CF
72
[
NC(51 + 44π
2 − 216ζ(3))− 4Tf(3 + 4π2)
+9CF (3− 4π2 + 48ζ(3))
]}
δ(1− x) (1.121)
1.14 Conlusions
We have illustrated and doumented a method for solving in a rather fast way the NLO
evolution equations for the parton distributions at leading twist. The advantages of the
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method ompared to other implementations based on the inversion of the Mellin moments,
as usually done in the ase of QCD, are rather evident. We have also shown how Rossi's
ansatz, originally formulated in the ase of the photon struture funtion, relates to the
solution of DGLAP equations formulated in terms of moments. The running time of the
implementation is truly modest, even for a large number of iterations, and allows to get
a very good auray.
Chapter 2
NNLO extension of the solution of the
Renormalization Group Equations
2.1 Introdution to the Chapter
We have seen in Chapter 1 that renormalization group equations play a key role in the
omputation of ross setions in hadroni ollisions. We have also seen that the depen-
dene on the fatorization sale of the fatorization formula is largely redued when higher
order orretions in αS are kept into aount. As we have already disussed, the use of
eient algorithms for the solution of these equations is of remarkable relevane in or-
der to eiently ompare the theory with the experiments. As we inrease the ollision
energy in a sattering proess, the fatorization sale has a wider interval allowed for its
variation. It is of some help to summarize this issue in a simple but rather larifying way.
Consider a proton proton ollision at LHC energy (these an over a range between
few TeV's and 14 TeV) and let us assume that we use the parton model desription of the
proess based on the fatorization formula. As we have mentioned, Q, the fatorization
sale (sometimes also alled µf ) is a fration of the total energy available in the enter
of mass frame of the two olliding beams. In order to deide on the most aurate
value for µf so to ome up with a predition, let's say, for a multi jet ross setion,
we have to look at the average pT of the nal state jet and use that energy value as
an indiation for the underlying value of µf . Of ourse this proedure is approximate
and requires a study of the behaviour of the nal result for the ross setion in terms of
various hoies of µf . A drasti redution on the dependene of the result on the value
of µf is obtained if we inlude higher order orretions. As we have already stressed
before, both the hard satterings and the evolution of the parton distributions have to
be aurate enough for this redued sensitivity to emerge. In general the omputation of
hard satterings, whih are proess dependent, are laborious enough to be limited to a
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spei set of golden plated modes, suh as Drell-Yan lepton pair prodution and few
more, and require diult tehnial studies by various researh groups to be performed.
For instane, in the ase of the Higgs total ross setion and of the ross setion for the
prodution of a Higgs partile with an assoiated gauge boson at the LHC, onsiderable
progress has been done in the last few years. On the other hand the omputation of the
kernels of the renormalization group equations for the parton distributions has also to be
known at the same level of auray as the hard satterings. Therefore it is imperative,
espeially for the detetion of the Higgs boson at LHC energy, to be able to move from
the NLO to the NNLO ase in the study of some golden plated modes involving this
partile. It is unlikely that in the near future most of the NLO hard satterings will be
extended to inlude their NNLO orretions, but, as we have mentioned, in the ase of
the Higgs this proess is under intensive investigation. The omputation of the NNLO
evolution kernels, whih are proess independent, has been ompleted quite reently and
has set a landmark on the appliability of perturbative QCD to hadron olliders. The
numerial study of these kernels is a nontrivial task and the aurate solution of the
assoiated RGE's is also nontrivial.
In this seond hapter our aim is to extend up to NNLO the results of hapter 1
using a similar methodology in order to solve these equations. At this time our numerial
implementation is the seond ode whih is able to evolve parton distributions up to this
level of auray. It is obvious that most of the disussion in this hapter overlaps with
the methods of hapter 1, but with some key dierenes that we will underline. The new
implementation ontains new features whih are not present in our previous disussion
sine the new NNLO kernels are far more omplex than those known at NLO. These issues
are disussed in some detail in this and in the next hapter.
After the submission of this thesis, the preliminar work presented in this hapter has
been ompleted and published in [30℄.
2.2 Denitions and Conventions
In this setion we present our denitions and onventions, whih are similar to those of
hapter 1 with some important modiations. We introdue the 3loop evolution of the
oupling [36℄
αs(Q
2) =
4π
β0L
{
1− β1
β20
logL
L
+
1
β30L
2
[
β21
β0
(
log2 L− logL− 1
)
+ β2
]
+O
(
1
L3
)}
, (2.1)
where
L = log
Q2
Λ2
MS
, (2.2)
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and the beta funtion is dened by
β(αs) =
dαs(Q
2)
d logQ2
, (2.3)
and its three-loop expansion [113℄ is
β(αs) = − β0
4π
α2s −
β1
16π2
α3s −
β2
64π3
α4s +O(α
5
s), (2.4)
where
β0 =
11
3
NC − 4
3
Tf , (2.5)
β1 =
34
3
N2C −
10
3
NCnf − 2CFnf , (2.6)
β2 =
2857
54
N3C + 2C
2
FTf −
205
9
CFNCTf − 1415
27
N2CTf +
44
9
CFT
2
f +
158
27
NCT
2
f (2.7)
and
NC = 3, CF =
N2C − 1
2NC
=
4
3
, Tf = TRnf =
1
2
nf , (2.8)
where NC is the number of olors, nf is the number of ative avors, that is xed by
the number of quarks with mq ≤ Q; Λ(nf )MS is alulated using the known value of αs(mZ)
and imposing the ontinuity of αs at the quark masses thresholds. We reall that the
perturbative expansion of the kernels now inludes the NNLo ontributions is
P (x, αs) =
(
αs
2π
)
P (0)(x) +
(
αs
2π
)2
P (1)(x) +
(
αs
2π
)3
P (2)(x) + . . . . (2.9)
whose spei form an be found in the original literature [100, 117℄.
We solve Eq. (1.13) diretly in x-spae, assuming a solution of the form
f(x,Q2) =
∞∑
n=0
An(x)
n!
logn
αs(Q
2)
αs(Q20)
+ αs(Q
2)
∞∑
n=0
Bn(x)
n!
logn
αs(Q
2)
αs(Q20)
+
(
αs(Q
2)
)2 ∞∑
n=0
Cn(x)
n!
logn
αs(Q
2)
αs(Q20)
(2.10)
for eah parton distribution f , where Q0 denes the initial evolution sale.
As in hapter 1, also in this ase we derive the following reursion relations for the
oeients An, Bn and Cn (see the frame below for details)
An+1(x) = − 2
β0
P (0)(x)⊗An(x), (2.11)
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Bn+1(x) = −Bn(x)− β1
4πβ0
An+1(x)− 2
β0
P (0)(x)⊗Bn(x)− 1
πβ0
P (1)(x)⊗ An(x), (2.12)
Cn+1(x) = −2Cn(x)− β1
4πβ0
Bn(x)− β1
4πβ0
Bn+1(x)− β2
16π2β0
An+1(x)
− 2
β0
P (0)(x)⊗ Cn(x)− 1
πβ0
P (1)(x)⊗ Bn(x)
− 1
2π2β0
P (2)(x)⊗ An(x). (2.13)
Derivation of the reursion relations and renormalization sale depen-
dene.
We introdue the shortut notation
L(Q2) = log
αs(Q
2)
αs(Q
2
0)
(2.14)
and, making use of the beta funtion denition (2.3), we ompute its derivative
dL(Q2)
d logQ2
=
αs(Q
2
0)
αs(Q2)
d
d logQ2
αs(Q
2)
αs(Q
2
0)
=
1
αs(Q2)
dαs(Q
2)
d logQ2
=
β(αs)
αs(Q2)
(2.15)
Inserting our ansatz (2.10) for the solution into the DGLAP equation (1.13) we get
for the LHS
∞∑
n=1
{
An(x)
n!
nLn−1
β(αs)
αs
+ αs
Bn(x)
n!
nLn−1
β(αs)
αs
+α2s
Cn(x)
n!
nLn−1
β(αs)
αs
}
+
∞∑
n=0
{
β(αs)
Bn(x)
n!
Ln + 2αsβ(αs)
Cn(x)
n!
Ln
}
. (2.16)
Note that the rst sum starts at n = 1, beause the n = 0 term in (2.10) does not
have Q2 dependene. Tranforming n → n − 1 in the rst sum, using the three-loop
expansion of the beta funtion (2.4) and negleting all terms of order α4s or more, the
previous formula beomes
∞∑
n=0
{
An+1(x)
n!
Ln
(
− β0
4π
αs − β1
16π2
α2s −
β2
64π3
α3s
)
+
Bn+1(x)
n!
Ln
(
− β0
4π
α2s −
β1
16π2
α3s
)
+
Cn+1(x)
n!
Ln
(
− β0
4π
α3s
)
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+
Bn(x)
n!
Ln
(
− β0
4π
α2s −
β1
16π2
α3s
)
+ 2
Cn(x)
n!
Ln
(
− β0
4π
α3s
)}
. (2.17)
Using the kernel expansion (2.9), we get for the RHS
∞∑
n=0
Ln
n!
{
αs
2π
[
P (0) ⊗An
]
(x) +
α2s
4π2
[
P (1) ⊗An
]
(x)
+
α3s
8π3
[
P (2) ⊗ An
]
(x) +
α2s
2π
[
P (0) ⊗Bn
]
(x)
+
α3s
4π2
[
P (1) ⊗ Bn
]
(x) +
α3s
2π
[
P (0) ⊗ Cn
]
(x)
}
. (2.18)
Equating (2.17) and (2.18) term by term and grouping the terms proportional respe-
tively to αs, α
2
s and α
3
s we get the three desired reursion relations (2.11), (2.12) and
(2.13).
Setting Q = Q0 in (2.10) we get
f(x,Q20) = A0(x) + αs(Q
2
0)B0(x) +
(
αs(Q
2)
)2
C0(x). (2.19)
Any boundary ondition satisfying (2.19) an be hosen at the lowest sale Q0 and in our
ase we hoose
B0(x) = C0(x) = 0, f(x,Q
2
0) = A0(x). (2.20)
What the program does is starting with a parameterized form of the parton distribution
funtions at a low energy sale Q0 (typially of the order of 1GeV), omputed by some
speialized groups by tting experimental data, imposing the boundary ondition (2.19)
for the oeients A0(x), B0(x) and C0(x), omputing iteratively An(x), Bn(x) and Cn(x)
up to a ertain value of n by the reursion relations (2.11  2.13) and then omputing the
sum (2.10). It should be stressed that the solution of the RGE found by this method is
haraterized by two sales, the nal evolution sale Q. However, the hard satterings an
be renormalized at a sale dierent from µF and this learly introdues a new sale in the
hadroni ross setion whih also is an artifat of the perturbative expansion. Keeping
trak of this new sale dependene requires a areful analysis of the perturbative expansion
of the kernels, as we are going to illustrate below.
In order to study the renormalization sale dependene of the NNLO kernel it is
onvenient to solve the RGE for the oupling onstant thereby expressing the oupling at
a sale µF in terms of the oupling at a dierent point, µR, whih is the renormalization
point of the theory, whih is also arbitrary
58 2.2. Denitions and Conventions
1
as(µ
2
F )
=
1
as(µ
2
R)
+ β0 ln
(
µ2F
µ2R
)
− b1 ln
{
as(µ
2
F ) [1 + b1as(µ
2
R)]
as(µ
2
R) [1 + b1as(µ
2
F )]
}
(2.21)
where as(µ
2) = αs(µ
2)/(4π). It is possible to introdue a renormalization sale dependene
in αs through a Taylor expansion of αs(µ
2
F ) in terms of αs(µ
2
R)
αs(µ
2
F ) = αs(µ
2
R)−
[
α2s(µ
2
R)
4π
+
α3s(µ
2
R)
(4π)2
(−β20L2 + β1L)
]
(2.22)
where the µ2F dependene is shifted into the fator L = ln(µ
2
F/µ
2
R) Then, a more handy ex-
pression for the αs oupling obtained by an inverse power of LΛ = ln(µ
2
R/Λ
2
QCD) expansion
an be used for αs(µ
2
R). Up to NNLO this gives
αs(µ
2
R)
4π
=
1
β0LΛ
− 1
(β0LΛ)2
b1 lnLΛ +
1
(β0LΛ)3
[
b21
(
ln2 LΛ − lnLΛ − 1
)
+ b2
]
(2.23)
and
Pij(x, µ
2
F , µ
2
R) =
αs(µ
2
R)
4π
P
(0)
ij (x)
+
α2s(µ
2
R)
(4π)2
(
P
(1)
ij (x)− β0P (0)ij (x)L
)
+
α3s(µ
2
R)
(4π)3
[
P
(2)
ij (x)− 2β0LP (1)ij (x)−
(
β1L− β20L2
)
P
(0)
ij (x)
]
+
α4s(µ
2
R)
(4π)4
[
P
(3)
ij (x)− 3β0LP (2)ij (x)−
(
2β1L− 3β20L2
)
P
(1)
ij (x)
−
(
β2L− 5/2 β1β0L2 + β30L3
)
P
(0)
ij (x)
]
(2.24)
These new linear ombinations of kernels arry an expliit dependene on µF and are
suitable for the study of the dependene of the hadroni ross setion on µR. As we
have mentioned, for a omplete piture to emerge, the NNLO orretions to the hard
satterings have to be omputed in generality, with µR and µF held distint.
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2.3 Nonsinglet and singlet struture of the kernels up
to NNLO
Let us rst introdue the notations
q
(±)
i = qi ± qi, q(±) =
nf∑
i=1
q
(±)
i . (2.25)
The general struture of the nonsinglet splitting funtions is given by
Pqiqk = Pqiqk = δikP
V
qq + P
S
qq, (2.26)
Pqiqk = Pqiqk = δikP
V
qq¯ + P
S
qq¯. (2.27)
This leads to three independently evolving types of nonsinglet distributions: the evolution
of the avor asymmetries
q
(±)
NS,ik = q
(±)
i − q(±)k (2.28)
and of linear ombinations thereof is governed by
P±NS = P
V
qq ± P Vqq¯ . (2.29)
The sum of the valene distributions of all avors q(−) evolves with
P VNS = P
V
qq − P Vqq¯ + nf
(
P Sqq − P Sqq¯
)
≡ P−NS + P SNS. (2.30)
The quark-quark splitting funtion Pqq an be expressed as
Pqq = P
+
NS + nf
(
P Sqq + P
S
qq¯
)
≡ P+NS + Pps. (2.31)
The nonsinglet ontribution dominates Eq. (2.31) at large x, where the pure singlet term
Pps = P
S
qq+P
S
qq¯ is very small. At small x, on the other hand, the latter ontribution takes
over, as xPps does not vanish for x→ 0, unlike xP+NS. The gluon-quark and quark-gluon
entries in Eq. (1.18) are given by
Pqg = nfPqig, (2.32)
Pgq = Pgqi (2.33)
in terms of the avor-independent splitting funtions Pqig = Pq¯ig and Pgqi = Pgq¯i. With
the exeption of the rst order part of Pqg, neither of the quantities xPqg, xPgq and xPgg
vanishes for x→ 0.
In the expansion in powers of αs (2.9), the avor-diagonal (valene) quantity P
V
qq is
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of order αs, while P
V
qq¯ and the avor-independent (sea) ontributions P
S
qq and P
S
qq¯ are of
order α2s. A non-vanishing dierene P
S
qq−P Sqq¯ ours for the rst time at the third order.
Our next step is to hoose a proper basis of nonsinglet distributions that allows us to
reonstrut, through linear ombinations, the distribution of eah parton, i.e. the gluon
distribution g, the quark distributions qi and the antiquark distributions q¯i, namely 2nf+1
relevant distributions. The singlet evolution gives us 2 distributions, g and q(+), so we
need to evolve 2nf − 1 independent nonsinglet distributions. We hoose
1. q(−), evolving with P VNS;
2. q
(−)
NS,1i = q
(−)
1 − q(−)i (for eah i suh that 2 ≤ i ≤ nf), evolving with P−NS;
3. q
(+)
NS,1i = q
(+)
1 − q(+)i (for eah i suh that 2 ≤ i ≤ nf), evolving with P+NS.
We an easily prove that
q
(±)
i =
1
nf

q(±) + nf∑
k=1,k 6=i
q
(±)
NS,ik

 . (2.34)
Choosing i = 1 in (2.34), we ompute q
(−)
1 from the evolved nonsinglets of type 1 and 2
and q
(+)
1 from the evolved singlet q
(+)
and nonsinglet of type 3. Then from the nonsinglets
2 and 3 we ompute respetively q
(−)
i and q
(+)
i for eah i suh that 2 ≤ i ≤ nf , and nally
qi and q¯i.
Life an be made easier going down from NNLO to NLO, as we have P S,(1)qq = P
S,(1)
qq¯ .
This implies (see Eq. (2.30)) that P
V,(1)
NS = P
−,(1)
NS , i.e. the nonsinglets q
(−)
and q
(−)
NS,ik evolve
with the same kernel, and the same does eah linear ombination thereof, in partiular
q
(−)
i for eah avor i. The basis of 2nf − 1 nonsinglet distributions that we hoose to
evolve at NLO is
1. q
(−)
i (for eah i ≤ nf ), evolving with P−,(1)NS ;
2. q
(+)
NS,1i = q
(+)
1 − q(+)i (for eah i suh that 2 ≤ i ≤ nf), evolving with P+,(1)NS ,
and the same we do at LO, where we have in addition P
+,(0)
NS = P
−,(0)
NS , being P
V,(0)
qq¯ = 0.
Remark: the NLO versus the NNLO deomposition
Prior to moving toward the implementation of this algorithm, whih will be disussed
below, we pause for a moment in order to remark on the dierenes between the
singlet/nonsinglet deomposition of the kernels implemented in hapter 1 and those
disussed in this hapter.
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In the transverse ase there is no oupling between gluons and quarks, so the singlet
setor (1.18) is missing. This means that ∆T q
(+)
is a nonsinglet evolving with ∆TP
+
NS;
but the same kernel evolves also ∆T q
(−)
NS,ik, so the linear ombinations ∆T q
(+)
i for eah
avor i. So the 2nf relevant distributions that we evolve at LO and NLO are
1. ∆T q
(−)
i (for eah i ≤ nf), evolving with ∆TP−NS;
2. ∆T q
(+)
i (for eah i ≤ nf), evolving with ∆TP+NS.
2.4 Harmoni polylogarithms
We summarize here some key features of the kernel whih are relevant for a better under-
standing of the implementation and refer to the original literature for more details.
Higher order omputations in QCD involve a speial type of trasendental funtions,
termed harmoni polylogarithms (HPL). Although their denition is a straightforward
extension of that of ordinary Spene funtions, additional loop integrations in the Feyn-
man diagram expansion generate multiple integrals of the logarithmi ontributions whih
appear at leading order in αs. The study of these funtions in physis has been addressed
in great generality in the last few years and has been quite useful in order to lassify
and study their behaviour. HPL are, in the ase of parton distributions and of oeient
funtions, studied in the standard domain (0, 1), They show branh uts away from this
region and an be analytially ontinued away from it. The NNLO kernel is expressed in
terms of various polylogarithms. This omputation [100, 117℄ has been performed in the
N-Mellin spae, where the nonsinglet and the singlet anomalous dimensions are related
to the DGLAP kernel by the well known Mellin transform
γ(N)(n) = −
∫ 1
0
dx xN−1P (n)(x) . (2.35)
Inverting the above relation, one obtains the expression for the P (n)(x) in the x-spae
that we will use in our implementation. By this proedure the isomorphism between
harmoni sums of N and HPL is manifest and this an be demonstrated by algebrai pro-
edure. Our notation for the harmoni polylogarithms Hm1,...,mw(x), mj = 0,±1 follows
Ref. [108℄. The lowest-weight (k = 1) funtions Hm(x) are given by
H0(x) = ln x , H±1(x) = ∓ ln(1∓ x) . (2.36)
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The higher-weight (k ≥ 2) funtions are reursively dened as
Hm1,...,mk(x) =


1
k!
lnk x , if m1, ..., mk = 0, . . . , 0∫ x
0
dz fm1(z)Hm2,...,mk(z) , otherwise
(2.37)
with
f0(x) =
1
x
, f±1(x) =
1
1∓ x . (2.38)
H0, . . . , 0︸ ︷︷ ︸
k
,±1,0, . . . , 0︸ ︷︷ ︸
l
,±1, ...(x) = H±(k+1),±(l+1), ...(x) . (2.39)
these identities and many more have been used in the investigation of the kernel.
2.5 Desription of the program
2.5.1 Main program
At run time, the program asks the user to hoose linear the perturbative order, the
input model (urrently implemented MRST and Alekhin, see Table 2.1), the nal value
of Q and an extension for the output les. Then the program stores as global variables
the grid points xi and, for eah of them, alls the funtion gauleg that omputes the
Gaussian absissas Xij and weights Wij orresponding to the integration range [xi, 1],
with 0 ≤ j ≤ nG − 1. At this point the program stores the initial values of the parton
distributions at the grid points in the arrays A[i℄[0℄[k℄.
The evolution is done by energy steps. Eah avor omes into play only when the
energy in the enter of mass frame reahes the orresponding quark mass, so eah step
is determined by the number of avors involved. The reurrene relations (2.11  2.13)
are then solved iteratively for both the nonsinglet and the singlet setor, and at the end
of eah energy step the evoluted distributions are reonstruted via relation (2.10). The
distributions omputed in this way beome the initial onditions for the subsequent step.
The numerial values of the distributions at the end of eah energy step are printed to
les.
2.5.2 External les
Some external les are used by the program.
1. xpns2e.f and xpij2e.f are Fortran odes by Moh, Vermaseren and Vogt [100, 117℄
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in whih are the NNLO kernels are dened. Very few modiations have been done
to make them ompatible with our ode. These les need hplog.f to work.
2. hplog.f is a Fortran ode by Gehrmann and Remiddi [66℄ in whih a subroutine
that omputes numerially harmoni polylogarithms up to weight 4 is implemented.
Harmoni polylogarithms are dened in [108℄.
3. partonww.f is just a merging of the three Fortran odes mrst2001lo.f, mrst2001.f
and mrstnnlo.f by the MRST group [94, 95℄ to aess to their grids of LO, NLO
and NNLO parton densities. Very few modiations have been done.
4. lo2002.dat, alf119.dat and vnvalf1155.dat are the MRST parton densities grids
at LO, NLO and NNLO respetively.
5. a02m.f is the Fortan ode by Alekhin [2℄ to aess to his grids of LO, NLO and
NNLO parton densities.
6. a02m.pdfs_1_vfn, a02m.pdfs_2_vfn and a02m.pdfs_3_vfn are the Alekhin par-
ton densities grids in the variable avor number sheme at LO, NLO and NNLO
respetively.
2.5.3 Funtions
2.5.3.1 Funtion writefile
void writefile(double *A,har *filename);
This funtion reates a le, whose name is ontained in the string *filename, with
two olumns of data: the left one ontains all the grid points xi and the right one the
orresponding values A[i℄.
2.5.3.2 Funtion alpha_s
double alpha_s(int order,double Q,double lambda);
Given the perturbative order, the energy sale Q and the value lambda of Λ
(nf )
MS
, and
making use of the values of β0, β1 and β2, stored as global variables, alpha_s returns the
running of the oupling onstant, using the formula (2.1).
2.5.3.3 Funtion gauleg
void gauleg(double x1,double x2,double x[℄,double w[℄,int n);
This funtion is taken from [104℄ with just minor hanges. Given the lower and upper
limits of integration x1 and x2, and given n, gauleg returns arrays x[0,...,n-1℄ and
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w[0,...,n-1℄ of lenght n, ontaining the absissas and weights of the Gauss-Legendre
n-point quadrature formula.
2.5.3.4 Funtion interp
double interp(double *A,double x);
Given an array A, representing a funtion known only at the grid points, and a number
x in the interval [0, 1], interp returns the linear interpolation of the funtion at the point
x.
2.5.3.5 Kernels
double P0NS(int i,double x);
double P0qq(int i,double x);
double P0qg(int i,double x);
double P0gq(int i,double x);
double P0gg(int i,double x);
double P1NSm(int i,double x);
double P1NSp(int i,double x);
double P1qq(int i,double x);
double P1qg(int i,double x);
double P1gq(int i,double x);
double P1gg(int i,double x);
double P2NSm(int i,double x);
double P2NSp(int i,double x);
double P2NSv(int i,double x);
double P2qq(int i,double x);
double P2qg(int i,double x);
double P2gq(int i,double x);
double P2gg(int i,double x);
Given the Bjorken variable x, these funtions return, depending on the value of the
index i
1. the regular part of the kernel P1(x);
2. the plus distribution part of the kernel P2(x);
3. the delta distribution part of the kernel P3(x),
as in Eq. (1.22).
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2.5.3.6 Funtion onvolution
double onvolution(int i,double kernel(int,double),double *A);
Given an integer i, to whih orresponds a grid point xi, a two variable funtion
kernel(i,x), representing a kernel, and an array A, representing a funtion xf(x) = f¯(x)
known at the grid points, onvolution returns the sum of the three piees (1.26, 1.30,
1.27) omputed by the Gauss-Legendre tehnique.
2.5.3.7 Funtion ReRel_A
double ReRel_A(double *A,int k,double P0(int,double));
Given an array A, representing the funtion An(x) known at the grid points, an integer
k (to whih orresponds a grid point xk) and a two variable funtion P0(i,x), representing
a leading order kernel, ReRel_A returns the RHS of Eq. (2.11) for x = xk.
2.5.3.8 Funtion ReRel_B
double ReRel_B(double *A,double *B,int k,double P0(int,double),
double P1(int,double));
Given two array A and B, representing the funtions An(x) and Bn(x) known at the grid
points, an integer k (to whih orresponds a grid point xk) and two funtions P0(i,x) and
P1(i,x), representing respetively the LO and NLO part of a kernel, ReRel_B returns
the RHS of Eq. (2.12) for x = xk.
2.5.3.9 Funtion ReRel_C
double ReRel_C(double *A,double *B,double *C,int k,double P0(int,double),
double P1(int,double),double P2(int,double));
Given three array A, B and C representing the funtions An(x), Bn(x) and Cn(x) known
at the grid points, an integer k (to whih orresponds a grid point xk) and three funtions
P0(i,x), P1(i,x) and P2(i,x), representing respetively the LO, NLO and NNLO part
of a kernel, ReRel_C returns the RHS of Eq. (2.13) for x = xk.
2.5.3.10 Funtion Li2
double Li2(double x);
This funtion evaluates an approximated value of the dilogarithmi funtion Li2(x)
using the expansion
Li2(x) =
∞∑
n=1
xn
n2
(2.40)
arrested at the 50th order.
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2.5.3.11 Funtion fat
double fat(int n);
This funtion returns the fatorial n!
2.5.4 Distribution indies and identiatives
0 gluons, g g
1-6 quarks, qi, sorted by inreasing mass (u, d, s, c, b, t) u,d,s,,b,t
7-12 antiquarks, qi au,ad,as,a,ab,at
13-18 q
(−)
i um,dm,sm,m,bm,tm
19-24 q
(+)
i up,dp,sp,p,bp,tp
25 q(−) qm
26-30 q
(−)
NS,1i, i 6= 1 dd,sd,d,bd,td
31 q(+) qp
32-36 q
(+)
NS,1i, i 6= 1 ds,ss,s,bs,ts
2.5.5 Input parameters and variables
GRID_PTS Number of points in the grid
NGP Number of Gaussian points, nG
ITERATIONS Number of terms in the sum (2.10)
extension Extension of the output les
order Perturbative order (0=LO, 1=NLO, 2=NNLO)
input Input model (1=MRST, 2=Alekhin)
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X[i℄ i-th grid point, xi
XG[i℄[j℄ j-th Gaussian absissa in the range [xi, 1], Xij
WG[i℄[j℄ j-th Gaussian weight in the range [xi, 1], Wij
nf, Nf number of ative avors, nf
nfi number of ative avors at the input sale
Q[i℄ values of Q between whih an evolution step is performed
lambda[nf℄ Λ
(nf )
MS
A[i℄[j℄[k℄ oeient Aj(xk) for the distribution with index i
B[i℄[j℄[k℄ oeient Bj(xk) for the distribution with index i
C[i℄[j℄[k℄ oeient Cj(xk) for the distribution with index i
beta0 β0
beta1 β1
beta2 β2
alpha1 αs(Qin), where Qin is the lower Q of the evolution step
alpha2 αs(Qfin), where Qfin is the higher Q of the evolution step
2.5.6 Output les
The generi name of an output le is: Un _i.ext, where:
n indiates the sale Q2 to whih data refers: n = i refers to the initial sale, the higher
value of n = f refers to the nal sale; if n is a number, then it refers to the n-th
quark (ordered by inreasing mass) prodution thresholds;
i is the identiative of the distribution, reported in the third olumn of the table in
subsetion 2.5.4;
ext is an extension hosen by the user.
2.6 Running the ode
In this setion we show some pdf plots obtained by running the ode in many dierent
situations.
In Figg. (2.1  2.3), the evolution of up, down and gluon distributions at Q = 10GeV
and Q = 100GeV in the unpolarized ase is plotted at LO, NLO and NNLO. As initial
distributions we have used both MRST and Alekhin distributions at the sale Q20 =
1.25GeV2. Some details about the inputs are shown in the Table (2.1).
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Figure 2.1: Evolution of the quark up distribution xu versus x at dierent Q values. All
perturbative orders and both input models are shown.
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Figure 2.2: Evolution of the quark down distribution xd versus x at dierent Q values.
All perturbative orders and both input models are shown.
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Figure 2.3: Evolution of the gluon distribution xg versus x at dierent Q values. All
perturbative orders and both input models are shown.
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Chapter 3
NNLO preision studies of the Higgs
total ross setion
3.1 Introdution
One of the main objetive at the LHC will be the searh of the Higgs partile, whih is
responsible for the mehanism of mass generations for the fermions and the gauge bosons
within the Standard Model. At the moment one of the most widely aepted ways to
generate a mass for these partiles relies on a salar setor with a single Higgs eld and a
symmetry breaking potential. While the Lagrangian is invariant under a loal symmetry
of SU(2) × U(1) and this, of ourse, requires the same symmetry for the salar setor
as well, the vauum of the theory, whih is a stable state of minimum energy, doesn't
share the same symmetry. The presene of a minimal Higgs setor is also spei of the
Standard Model, though many extensions of the Standard Model, supersymmetri and
not, require a far more omplex Higgs struture to give mass to both up-type and down-
type quarks and to the leptons by some trilinear interations termed Yukawa ouplings.
Our objetive, in this hapter, is to present very aurate preditions for the total Higgs
ross setion by ombining results available in the literature, speially the omputation
of NNLO hard satterings for the prodution of a salar and a pseudosalar Higgs in pp
ollisions. The analytial expressions are available through the work of Ravindran, Smith
and van Neerven [107℄. These have been ombined with the NNLO evolution of the parton
distributions in order to generate very aurate ross setions for the Higgs searh at the
LHC.
After the submission of this thesis, the preliminar work presented in this hapter has
been ompleted and published in [31℄.
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3.2 Higgs detetion at hadron olliders
We summarize some generalities on the Standard Model and the mehanism of mass
generation, with an emphasis on their phenomenologial impliations to hadron olliders.
The eletroweak setor of the standard model is a hiral theory SU(2)L×U(1)Y gauge
theory ontaining 3 SU(2) gauge bosons,W iµ, and one U(1) gauge boson, Bµ. Left-handed
and right-handed quarks ouple dierently to the 3 gauge bosons of the weak isospin and
to Bµ. The Lagrangian is given by
LKE = −1
4
W iµνW
µνi − 1
4
BµνB
µν
(3.1)
where
W iµν = ∂νW
i
µ − ∂µW iν + gǫijkW jµW kν
Bµν = ∂νBµ − ∂µBν . (3.2)
A omplex salar eld, doublet of SU(2) is introdued and dened as
Φ =
1√
2

 φ1 + iφ2
H + iφ0

 , (3.3)
and with a salar potential given by
V (Φ) = µ2 | Φ†Φ | +λ
(
| Φ†Φ |
)2
, (3.4)
(λ > 0). This turns out to be the most general renormalizable and SU(2) invariant
potential allowed. The minimum of the potential is now a valley of equivalent vaua,
among whih we hoose a vauum by a suitable parameterization. One possibility is
given by
〈Φ〉 = 1√
2

 0
v


(3.5)
with a U(1)Y hyperharge YΦ = 1. The eletromagneti harge is Q = T3 +
Y
2
and one
an easily hek that this state has not eletri harge sine
Q〈Φ〉 = 0 (3.6)
The vauum expetation value of Eq. 3.5 allows to leave the U(1)em intat by making one
linear ombination of the third omponent of SU(2) and U(1)Y gauge symmetri, with Q
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identied with the generator of U(1)em, aording to the braking pattern
SU(2)L × U(1)Y → U(1)EM . The masses of the gauge bosons are generated by the
kineti part of the Higgs Lagrangian
Ls = (DµΦ)†(DµΦ)− V (Φ) (3.7)
where τi are the Pauli matries. The expliit form of the ovariant derivatives is
Dµ = ∂µ + i
g
2
τ ·Wµ + ig
′
2
Bµ. (3.8)
In unitary gauge the salar eld an be written as
Φ =
1√
2

 0
v +H


(3.9)
and the ontribution to the gauge boson masses from the salar kineti energy term are
1
2
(0 v)
(
1
2
gτ ·Wµ + 1
2
g′Bµ
)2 0
v

 . (3.10)
To summarize, the masses of the massive gauge bosons
W±µ =
1√
2
(W 1µ ∓ iW 2µ)
Zµ =
−g′Bµ + gW 3µ√
g2 + g′ 2
Aµ =
gBµ + g
′W 3µ√
g2 + g′ 2
. (3.11)
are given by
M2W =
1
4
g2v2
M2Z =
1
4
(g2 + g′ 2)v2
Mγ = 0. (3.12)
and the oupling onstants satisfy relations
e = g sin θW
e = g′ cos θW (3.13)
with thetaW being the Weinberg angle. Notie that in the unitary gauge a ounting of
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the degrees of freedom for the Higgs salar and the gauge bosons remains the same, as
expeted, without the appearane of unphysial Goldstone bosons. Alternative parame-
terizations, a la Kibble
Φ =
ei
ω·τ
v√
2

 0
v +H

 . (3.14)
let the Goldstone modes appear from the salar setor. The appearane of this modes
is a gauge variant eet. Non unitary gauges are important espeially in the ontext of
testing the unitarity of the model. In the Standard Model, there are three Goldstone
bosons, ~ω = (ω±, z), with masses MW and MZ in the Feynman gauge.
In addition to giving the W and Z bosons their masses, the Higgs boson is also
responsible for giving the mass to the fermions. Thegauge invariant Yukawa oupling of
the Higgs boson to fermions is given by trilinear terms of the form
Lf = −λdQLΦdR + h.c. , (3.15)
where the left handed SU(2) fermion doublet is onstruted by ating with the hiral
Lorenz projetors on both omponents
QL =

 u
d


L
. (3.16)
This gives the eetive oupling
λd
1√
2
(uL, dL)

 0
v +H

 dR + h.c. (3.17)
whih an be seen to yield a mass term for the down quark if we make the identiation
λd =
md
√
2
v
. (3.18)
The mass term for the up quark is obtained by giving a value expetation value to the eld
Φc ≡ −iτ2Φ∗ whih is an SU(2) doublet and allows to write down the SU(2) invariant
oupling
λuQLΦ
cuR + h.c. (3.19)
whih is the mass term for the up quark. For the upper omponents of the lepton SU(2)
doublets the proedure is the same, though the generation of a mass term for the neutrino
is still a problem within the Standard Model. The neutrino appears only in its left-
omponent and therefore has no Yukawa oupling.
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Figure 3.1: The leading order diagram for Higgs prodution by gluon fusion
For the multi-family ase, the Yukawa ouplings, λd and λu, beome matries whih
are valued in family spae (NF × NF ) with NF being the number of families. If we
introdue a family mixing matrix U and dene g2 and gY to be the SU(2) and U(1)Y
oupling onstant the nal Lagrangian desribing the interations of the leptons with the
massive gauge bosons is
Ll = eeiγ−ei − g2
2
√
2
W+ejγ
−(1− γ5)νi Uνji −
g2
2
√
2
W−νjγ
−(1− γ5)ei Uν†ji
− g2
2 cos θW
Zµνi
(
gν−ZV γ
µ − gν−ZA γµγ5
)
νi − g2
2 cos θW
Zµei
(
ge−ZV γ
µ − ge−ZA γµγ5
)
ei
(3.20)
where
gf−Z
0
V = T
(f)
w3 − 2 sin2 θWQ(f)el gf−Z
0
A = T
(f)
w3 (3.21)
while for the quarks one obtains
Lq = −e
(
2
3
uiγ
−ui − 1
3
diγ
−di
)
Aµ
− g2
2
√
2
W+ujγ
−(1− γ5)di U qji −
g2
2
√
2
W−djγ
−(1− γ5)ui U q†ji
− g2
2 cos θW
Zµui
(
gu−ZV γ
µ − gu−ZA γµγ5
)
ui − g2
2 cos θW
Zµdi
(
gd−ZV γ
µ − gd−ZA γµγ5
)
di.
(3.22)
A omplete set of Feynman rules desribing the interation of the Higgs with the
massive states of the Standard Model in both unitary and non unitary gauges, whih
involve the goldstones, an be found in [20℄. The Higgs eld, being responsible for the
mehanism of mass generation, an be radiated o by any massive state and its oupling
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t
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Figure 3.2: A typial NLO diagram for Higgs prodution by gluon fusion
is proportional to the mass of the same state. At the LHC one of the golden plated modes
to searh for the Higgs is its prodution via the mehanism of gluon fusion. The leading
order ontribution is shown in g. (3.1) whih shows the dependene of the amplitude
through the quark loop. Most of the ontribution omes from the top quark, sine this
is the heaviest and has a larger oupling to the Higgs eld. NLO and NNLO orretions
have been omputed in the last few years by various groups. A typial NLO orretion is
shown in g. (3.2). From the omputation of the LO diagram one gets
A(gg→ H) = −αsm
2
πv
δab
(
gµν
M2H
2
− pνqµ
) ∫
dxdy
(
1− 4xy
m2 −M2Hxy
)
ǫµ(p)ǫν(q). (3.23)
where a and b are olor indies and p and q are the momenta of the two gluons. When
the fermion in the loop is muh heavier than the Higgs boson, m >> MH the expression
above beomes
A(gg → H) −→m>>MH −
αs
3πv
δab
(
gµν
M2H
2
− pνqµ
)
ǫµ(p)ǫν(q). (3.24)
whih apparently does not depend on the quark mass. This implies that if there are
additional generators, then the ontribution of this proess is proportional to the number
of additional generations, providing an important window into new physis beyond the
Standard Model. The resonant prodution of a heavy Higgs is instead given by the formula
σˆ(gg → H) = π
2
8M3H
Γ(H → gg)δ(1− M
2
H
sˆ
). (3.25)
relating the ross setion for Higgs prodution via gluon fusion to the orresponding deay
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rate Γ(H → gg). At parton level we obtain
σˆ(gg → H) = α
2
s
64πv2
M2H | I
(
M2H
m2
)
|2 δ(sˆ−M2H) (3.26)
where
√
sˆ is the energy in the gluon -gluon enter of mass and the integral I is dened by
I(a) ≡
∫ 1
0
dx
∫ 1−x
0
dy
1− 4xy
1− axy . (3.27)
3.2.1 The eetive Lagrangian
An important feature of the result for Higgs boson prodution from gluon fusion is that it
is independent of the heavy quark mass for a light Higgs boson. Eq. 3.24 an be derived
from an eetive vertex
Leff = αs
12π
GAµνG
A µν
(
H
v
)
=
βF
gs
GAµνG
A µν
(
H
2v
)
(1− 2αs/π),
with
βF =
g3sNH
24π2
(3.28)
being the ontribution of heavy fermion loops to the QCD beta funtion. The eetive
Lagrangian an be used to ompute the radiative orretions in the gluon setor. The
orretion in priniple involve 2-loop diagrams. However, using the eetive verties from
Eq. 3.28, the O(α3s) orretions an be found from a 1-loop alulation. In this way the
ontribution from the top quark loop is shrunk to a point. A disussion of the NNLO
approah to the omputation of the gluon fusion ontributions to Higgs prodution has
been presented in [107℄, work to whih we refer for more details. We reall that in this
work the authors present a study for both salar and pseudosalar Higgs prodution, the
pseudosalar appearing in 2-Higgs doublets models. In these extended models there is
a mixing between the two salars whih is usually parameterized in terms of the ratio
between the two vauum expetation values at the minimum of the potential v1/v2 =
tanβ. Diagonalization of the mass matrix for the Higgs at the minimum introdues salars
and pseudosalars interations between the various Higgs and the quarks, as shown from
the struture of the operator O2. Here we will briey summarize their results.
In the large top-quark mass limit the Feynman rules for salar Higgs prodution (H)
an be derived from the eetive Lagrangian density
LHeff = GHΦH(x)O(x) with O(x) = −
1
4
Gaµν(x)G
a,µν(x) , (3.29)
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whereas the prodution of a pseudo-salar Higgs (A) is obtained from
LAeff = ΦA(x)
[
GAO1(x) + G˜AO2(x)
]
with
O1(x) = −1
8
ǫµνλσ G
µν
a G
λσ
a (x) ,
O2(x) = −1
2
∂µ
nf∑
i=1
q¯i(x) γµ γ5 qi(x) , (3.30)
where ΦH(x) and ΦA(x) represent the salar and pseudo-salar elds respetively and nf
denotes the number of light avours. Gµνa is the eld strength of QCD and the quark eld
are denoted by qi. With an appropriate normalization the onstants turn out to be given
by
GB = −25/4 as(µ2r)G1/2F τB FB(τB) CB
(
as(µ
2
r),
µ2r
m2t
)
,
G˜A = −
[
as(µ
2
r)CF
(
3
2
− 3 ln µ
2
r
m2t
)
+ · · ·
]
GA , (3.31)
and as(µ
2
r) is dened by
as(µ
2
r) =
αs(µ
2
r)
4π
, (3.32)
where αs(µ
2
r) is the running oupling onstant and µr denotes the renormalization sale.
GF is the Fermi onstant and the funtions FB are given by
FH(τ) = 1 + (1− τ) f(τ) , FA(τ) = f(τ) cot β ,
τ =
4m2t
m2
,
f(τ) = arcsin2
1√
τ
, for τ ≥ 1 ,
f(τ) = −1
4
(
ln
1−√1− τ
1 +
√
1− τ + π i
)2
for τ < 1 , (3.33)
where cotβ denotes the mixing angle in the Two-Higgs-Doublet Model. Further m and
mt denote the masses of the (pseudo-) salar Higgs boson and the top quark respetively.
The oeient funtions CB originate from the orretions to the top-quark triangular
graph provided one takes the limit mt → ∞. The oeient funtions are known up to
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order α2s and are given by
CH
(
as(µ
2
r),
µ2r
m2t
)
= 1 + a(5)s (µ
2
r)
[
5CA − 3CF
]
+
(
a(5)s (µ
2
r)
)2 [27
2
C2F
−100
3
CA CF +
1063
36
C2A −
4
3
CF Tf − 5
6
CA Tf +
(
7C2A
−11CACF
)
ln
µ2r
m2t
+ nf Tf
(
−5CF − 47
9
CA + 8CF ln
µ2r
m2t
)]
, (3.34)
CA
(
as(µ
2
r),
µ2r
m2t
)
= 1 , (3.35)
where a(5)s is given in the ve-avour number sheme.
Using the eetive Lagrangian approah one an alulate the total ross setion of
the reation
H1(P1) +H2(P2)→ B +′ X ′ , (3.36)
where H1 and H2 denote the inoming hadrons and X represents an inlusive hadroni
state. The total ross setion is given by
σtot =
πG2B
8 (N2 − 1)
∑
a,b=q,q¯,g
∫ 1
x
dx1
∫ 1
x/x1
dx2 fa(x1, µ
2) fb(x2, µ
2)
×∆ab,B
(
x
x1 x2
,
m2
µ2
)
, B = H,A ,
with x =
m2
S
, S = (P1 + P2)
2 , p25 = m
2 , (3.37)
where the fator 1/(N2−1) is due to the average over olour and the parton distributions
fa(y, µ
2) (a, b = q, q¯, g) depend on the mass fatorization/renormalization sale µ. ∆ab,B
denotes the partoni hard sattering oeient omputed with NNLO auray.
3.3 Results
The use of our results on the NNLO evolution of the parton distributions together with
the results of [107℄ allows us to provide aurate preditions for the total ross setion
for Higgs prodution. Here we summarize our numerial results whih are illustrated in
Figs. (3.3  3.6) and in Tables (3.1  3.4). The sets of distributions ompared are those of
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MRST and Alekhin, urrently the only ones available at NNLO. The plots refer to enter
of mass energies whih are typial at the LHC, 14 TeV being the largest ahievable in
a not so distant future. The pseudosalar ross setion is systematially larger than the
salar one and both drop as the mass of the Higgs partiles inreases. The interval of
variability whih has been onsidered for this parameter is light-to-heavy (100 GeV to 300
GeV). The fatorization sale and the renormalization sales have been hosen to oinide.
For a given value of the Higgs mass, the ross setion raises onsiderably with energy by
a fator approximately 50-70 as we move from the lower toward the higher value of S,
the enter of mass energy. Other distint features of this study is the dependene of the
result on the initial model hosen for the evolution. Finally the inlusion of the NNLO
orretions, in all models, auses an inrease in the atual values of the ross setions
ompared to the NLO results. A possible extension of this study is the inlusion of
renormalization eets in the evolution and in the hard satterings, whih an be studied
along the lines disussed in hapter 2.
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Figure 3.3: Total ross setion as a funtion of Higgs mass at
√
S = 14TeV in pp ollision,
for a salar Higgs boson.
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Figure 3.4: Total ross setion as a funtion of Higgs mass at
√
S = 2TeV in pp¯ ollision,
for a salar Higgs boson.
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Figure 3.5: Total ross setion as a funtion of Higgs mass at
√
S = 14TeV in pp ollision,
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alar Higgs boson.
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Figure 3.6: Total ross setion as a funtion of Higgs mass at
√
S = 2TeV in pp¯ ollision,
for a pseudosalar Higgs boson.
LO NLO NNLO
mH MRST Alekhin MRST Alekhin MRST Alekhin
100 33.12 32.02 53.87 54.89 57.31 70.46
110 27.86 26.97 45.99 46.69 49.24 59.81
120 23.75 23.01 39.74 40.21 42.81 51.42
130 20.48 19.86 34.69 35 37.58 44.69
140 17.83 17.31 30.57 30.77 33.29 39.22
150 15.67 15.23 27.17 27.28 29.74 34.73
160 13.89 13.5 24.33 24.37 26.75 30.99
170 12.39 12.06 21.92 21.92 24.22 27.84
180 11.13 10.84 19.87 19.84 22.05 25.16
190 10.06 9.8 18.12 18.05 20.19 22.88
200 9.138 8.912 16.61 16.52 18.58 20.91
210 8.35 8.149 15.3 15.19 17.18 19.22
220 7.673 7.492 14.17 14.05 15.97 17.75
230 7.089 6.925 13.18 13.06 14.92 16.49
240 6.584 6.435 12.33 12.2 14.01 15.39
250 6.148 6.012 11.6 11.46 13.22 14.44
260 5.771 5.646 10.96 10.81 12.53 13.62
270 5.446 5.33 10.41 10.26 11.94 12.91
280 5.169 5.061 9.94 9.786 11.44 12.31
290 4.935 4.834 9.548 9.39 11.03 11.81
300 4.743 4.648 9.23 9.069 10.7 11.4
Table 3.1: Total ross setion as a funtion of Higgs mass at
√
S = 14TeV in pp ollision,
for a salar Higgs boson. The mass of the Higgs boson is in GeV and the ross setions
are in pb.
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LO NLO NNLO
mH MRST Alekhin MRST Alekhin MRST Alekhin
100 0.6434 0.6285 1.528 1.47 1.974 1.93
110 0.4838 0.4737 1.172 1.126 1.534 1.474
120 0.37 0.3632 0.9136 0.8773 1.211 1.145
130 0.2871 0.2826 0.7219 0.6931 0.9682 0.9021
140 0.2256 0.2228 0.5775 0.5545 0.783 0.7196
150 0.1793 0.1777 0.467 0.4486 0.6399 0.5806
160 0.1439 0.1432 0.3812 0.3665 0.5277 0.4731
170 0.1165 0.1164 0.3139 0.302 0.4387 0.3888
180 0.09506 0.09537 0.2603 0.2507 0.3673 0.3219
190 0.07814 0.07874 0.2174 0.2095 0.3095 0.2685
200 0.06466 0.06546 0.1828 0.1763 0.2625 0.2254
210 0.05385 0.05478 0.1546 0.1493 0.2239 0.1904
220 0.04514 0.04615 0.1316 0.1272 0.1922 0.1618
230 0.03806 0.03912 0.1127 0.109 0.1659 0.1384
240 0.03228 0.03336 0.09704 0.09395 0.144 0.119
250 0.02754 0.02862 0.08408 0.08146 0.1256 0.1029
260 0.02363 0.0247 0.07326 0.07102 0.1102 0.08954
270 0.0204 0.02144 0.0642 0.06227 0.09728 0.07833
280 0.01771 0.01872 0.0566 0.05492 0.08633 0.06893
290 0.01547 0.01646 0.05022 0.04874 0.07709 0.06103
300 0.01361 0.01457 0.04486 0.04355 0.0693 0.05441
Table 3.2: Total ross setion as a funtion of Higgs mass at
√
S = 2TeV in pp¯ ollision,
for a salar Higgs boson. The mass of the Higgs boson is in GeV and the ross setions
are in pb.
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LO NLO NNLO
mH MRST Alekhin MRST Alekhin MRST Alekhin
100 75.83 73.31 124.3 126.7 132.6 163.1
110 64.04 61.98 106.5 108.1 114.3 139
120 54.82 53.12 92.44 93.54 99.84 120
130 47.5 46.06 81.09 81.81 88.08 104.8
140 41.59 40.37 71.85 72.3 78.46 92.47
150 36.77 35.72 64.23 64.49 70.5 82.37
160 32.79 31.89 57.88 58 63.84 73.98
170 29.47 28.68 52.54 52.54 58.22 66.95
180 26.68 25.99 48.01 47.93 53.43 60.99
190 24.32 23.7 44.15 44 49.35 55.94
200 22.32 21.77 40.87 40.65 45.86 51.64
210 20.61 20.12 38.05 37.79 42.87 47.96
220 19.17 18.72 35.66 35.36 40.33 44.84
230 17.95 17.53 33.63 33.31 38.18 42.2
240 16.92 16.54 31.94 31.59 36.39 39.99
250 16.07 15.71 30.54 30.16 34.91 38.15
260 15.37 15.04 29.41 29.02 33.74 36.68
270 14.83 14.51 28.55 28.14 32.87 35.55
280 14.43 14.13 27.97 27.53 32.3 34.76
290 14.2 13.91 27.68 27.22 32.07 34.35
300 14.15 13.87 27.74 27.26 32.25 34.38
Table 3.3: Total ross setion as a funtion of Higgs mass at
√
S = 14TeV in pp ollision,
for a pseudosalar Higgs boson. The mass of the Higgs boson is in GeV and the ross
setions are in pb.
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LO NLO NNLO
mH MRST Alekhin MRST Alekhin MRST Alekhin
100 1.473 1.439 3.526 3.393 4.579 4.477
110 1.112 1.089 2.715 2.609 3.572 3.432
120 0.8541 0.8385 2.125 2.041 2.831 2.677
130 0.6659 0.6556 1.688 1.62 2.274 2.119
140 0.5261 0.5196 1.357 1.303 1.849 1.699
150 0.4205 0.4168 1.104 1.06 1.52 1.379
160 0.3397 0.338 0.9071 0.8719 1.262 1.131
170 0.2771 0.2768 0.7522 0.7236 1.056 0.9361
180 0.2279 0.2287 0.6288 0.6055 0.8914 0.7813
190 0.189 0.1904 0.5298 0.5106 0.7578 0.6572
200 0.1579 0.1599 0.4497 0.4338 0.6489 0.557
210 0.1329 0.1352 0.3844 0.3712 0.5595 0.4756
220 0.1128 0.1153 0.3311 0.32 0.4859 0.4091
230 0.09636 0.09904 0.2873 0.2779 0.4249 0.3544
240 0.08297 0.08573 0.2512 0.2432 0.3744 0.3094
250 0.07198 0.07479 0.2213 0.2144 0.3322 0.2722
260 0.06295 0.06578 0.1965 0.1905 0.2971 0.2413
270 0.05553 0.05837 0.176 0.1708 0.268 0.2157
280 0.04945 0.05228 0.1592 0.1545 0.2439 0.1947
290 0.04452 0.04735 0.1455 0.1412 0.2244 0.1776
300 0.0406 0.04346 0.1348 0.1308 0.2091 0.1642
Table 3.4: Total ross setion as a funtion of Higgs mass at
√
S = 2TeV in pp¯ ollision,
for a pseudosalar Higgs boson. The mass of the Higgs boson is in GeV and the ross
setions are in pb.
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Chapter 4
The kineti interpretation of the
DGLAP Equation, its Kramers-Moyal
expansion and positivity of heliity
distributions
4.1 Bakground on the topi
In this hapter and in the hapter that follows we elaborate on what has ome to be
known as the kineti desription of the dynamis of partons under the ation of the
renormalization group. In the DGLAP evolution the parton densities tend to be supported
by smaller and smaller values of the Bjorken variable x as the energy variable log(Q)
inreases. Building on previous observations by Teryaev and by Collins and Qiu we
larify that the DGLAP evolution an be interpreted as a kineti master equation whih
an be expanded formally to generate a hierarhy of new equations using the Kramers-
Moyal approah. Arrested to the seond order, this expansion generates a Fokker-Plank
approximation to the DGLAP evolution. The issue of positivity of the kernels is important
in order for this piture to hold. The LO kernels have this property, while at NLO a formal
proof of positivity is more intriate and requires a numerial analysis to be supported.
The hierarhy of equations generated by the Kramers-Moyal expansion ould be studied
independently, possibly numerially in order to gain more insight into the property of this
expansion. One of the onsequene of the kineti interpretation, as shown in this hapter
is the proof is that parton dynamis is reminsent of a downward biased random walk.
These issues are analyzed in detail.
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4.2 Introdution
Aording to a rederivation - due to Collins and Qiu - the DGLAP equation an be rein-
terpreted (in leading order) in a probabilisti way. This form of the equation has been
used indiretly to prove the bound |∆f(x,Q)| < f(x,Q) between polarized and unpolar-
ized distributions, or positivity of the heliity distributions, for any Q. We reanalyze this
issue by performing a detailed numerial study of the positivity bounds of the heliity
distributions. We also elaborate on some of the formal properties of the Collins-Qiu form
and omment on the underlying regularization, introdue a Kramers-Moyal expansion of
the equation and briey analyze its Fokker-Plank approximation. These follow quite nat-
urally one the master version is given. We illustrate this expansion both for the valene
quark distribution qV and for the transverse spin distribution h1 and analyze the role of
one well known inequality from this perspetive. In fat, an interesting onstraint relating
longitudinally polarized, unpolarized and transversely polarized distributions is Soer's
inequality, whih deserves a speial attention, sine has to be respeted by the evolution
to any order in αs. Some tests of the inequality have been performed in the near past,
bringing support to it. However, other inequalities are supposed to hold as well.
In this work we perform a NLO analysis of an inequality whih relates longitudinally
polarized distributions and unpolarized ones. The inequality an be summarized in the
statement that heliity distributions (positive and negative) for quarks and gluons have
to be positive. The inequality states that
|∆f(x,Q2)| < f(x,Q2) (4.1)
or
f±(x,Q2) > 0 (4.2)
where the ± refers to the the possible values of the heliities of quarks and gluons. The
statement is supposed to hold, at least in leading order, for any Q. To analyze the renor-
malization group evolution of this relation, espeially to next-to-leading order, requires
some eort sine this study involves a ombined study of the (longitudinally) polarized
and unpolarized evolutions. In this work we present a omplete NLO study of the evo-
lution equations starting diretly from the heliity basis. Heliities are in fat the basi
parton distributions from whih other distributions an be built.
Compared to other implementations, in our work we perform a NLO test of the pos-
itivity of the heliity distributions using an ansatz due to Rossi [109℄ whih redues the
evolution equations to an innite set of reursion relations for some sale invariant oef-
ients.
Various arguments to validate eq. (4.2) have been presented in the literature. From
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our perspetive, an interesting one has been formulated by Teryaev and Collaborators
who have tried to establish a link, to leading order, between evolution equations and their
probabilisti interpretation in order to prove Soer's inequality. Similar arguments hold
also in the analysis of eq. (4.2).
We should remark that a omplete probabilisti piture exists only for the leading
order unpolarized evolution [38℄ and the arguments of [21℄ are inspired by the fat that
the subtration terms (the x = 1 ontributions in the expressions of the kernels, where
x is Bjorken's variable), being positive, one they are ombined with the bulk (x < 1)
ontributions give a form of the evolution equations whih are diagonal in parton type
and resemble kineti equations. Our arguments, on this issue, are just a renement of
this previous and inuential analysis.
In the reent literature there has been some attention to this feature of the DGLAP
evolution, limited to the nonsinglet setor, in onnetion with kineti theory and the
"dynamial renormalization group, in the words of ref. [23℄.
All the arguments, so far, go bak to some important older work of Collins and Qiu who
provided an interesting derivation of the (unpolarized) DGLAP equation using Mueller's
formalism of ut diagrams. In their paper [38℄ the authors reinterpreted the DGLAP
equation as a kineti probabilisti equation of Boltzmann type. The authors gave no detail
on some of the issues onerning the regularization of their diagrammati expansion, on
whih we will elaborate sine we need it for our aurate numerial analysis. In our work
the Collins-Qiu form of the DGLAP equation is interpreted simply as a master equation
rather than a Boltzmann equation, given the absene of a 2-to-2 sattering ross setion
in the probabilisti partoni interpretation. A master equation is governed by transition
probabilities and various formal approximations nd their way one this oneptual step is
made. We illustrate, in the spirit of a stohasti approah to the DGLAP dynamis, how to
extrat standard dierential equations of Kramers-Moyal type for the simplest nonsinglet
evolutions, those involving valene distributions and transverse spin distributions.
We show that the DGLAP dynamis an be desribed, at least in a formal way, by a
dierential equation of arbitrarily high order. Trunations of this expansion to the rst
few orders provide the usual link with the Fokker-Plank approximation, the Langevin
equation and its path integral version
1
. The piture one should have in mind, at least in
this approximation, is that of a stohasti (Brownian) dynamis of Bjorken's variable x in
a titious time log(Q), desribing the evolution under the renormalization group (RG).
In this interpretation the probability funtion is the parton distribution itself.
This hapter is based on the paper [26℄.
1
For an example of this interplay between dierential and stohasti desriptions we refer the reader
to [12℄
92 4.3. Master Equations and Positivity
4.3 Master Equations and Positivity
Let's start onsidering a generi 1-D master equation for transition probabilities w(x|x′)
whih we interpret as the probability of making a transition to a point x given a starting
point x′ for a given physial system. The piture we have in mind is that of a gas of
partiles making ollisions in 1-D and entering the interval (x, x+ dx) with a probability
w(x|x′) per single transition, or leaving it with a transition probability w(x′|x). In general
one writes down a master equation
∂
∂τ
f(x, τ) =
∫
dx′ (w(x|x′)f(x′, τ)− w(x′|x)f(x, τ)) dx′. (4.3)
desribing the time τ evolution of the density of the gas undergoing ollisions or the motion
of a many replias of walkers of density f(x, τ) jumping with a pre-assigned probability,
aording to taste.
The result of Collins a Qiu, who were after a derivation of the DGLAP equation
that ould inlude automatially also the edge point ontributions (or x=1 terms of the
DGLAP kernels) is in pointing out the existene of a probabilisti piture of the DGLAP
dynamis. These edge point terms had been always introdued in the past only by hand
and serve to enfore the baryon number sum rule and the momentum sum rule as Q, the
momentum sale, varies.
The kineti interpretation was used in [21℄ to provide an alternative proof of Soer's
inequality. We reall that this inequality
|h1(x)| < q+(x) (4.4)
famous by now, sets a bound on the transverse spin distribution h1(x) in terms of the
omponents of the positive heliity omponent of the quarks, for a given avour. The
inequality has to be respeted by the evolution. We reall that h1, also denoted by the
symbol
∆T q(x,Q
2) ≡ q↑(x,Q2)− q↓(x,Q2), (4.5)
has the property of being purely nonsinglet and of appearing at leading twist. It is
identiable in transversely polarized hadron-hadron ollisions and not in Deep Inelasti
Sattering (DIS), where an appear only through an insertion of the eletron mass in the
unitarity graph of DIS.
The onnetion between the Collins-Qiu form of the DGLAP equation and the master
equation is established as follows. The DGLAP equation, in its original formulation is
generially written as
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Figure 4.1: The onstrained random walk of the parton densities
dq(x,Q2)
d log(Q2)
=
∫ 1
x
dy
y
P (x/y)q(y,Q2), (4.6)
where we are assuming a salar form of the equation, suh as in the nonsinglet setor.
The generalization to the singlet setor of the arguments given below is, of ourse, quite
straightforward. To arrive at a probabilisti piture of the equation we start reinterpreting
τ = log(Q2) as a time variable, while the parton density q(x, τ) lives in a one dimensional
(Bjorken) x spae.
We reall that the kernels are dened as plus distributions. Conservation of baryon
number, for instane, is enfored by the addition of edge-point ontributions proportional
to δ(1− x).
We start with the following form of the kernel
P (z) = Pˆ (z)− δ(1− z)
∫ 1
0
Pˆ (z) dz, (4.7)
where we have separated the edge point ontributions from the rest of the kernel, here
alled Pˆ (z). This manipulation is understood in all the equations that follow. The
equation is rewritten in the following form
d
dτ
q(x, τ) =
∫ 1
x
dyPˆ
(
x
y
)
q(y, τ)
y
−
∫ x
0
dy
y
Pˆ
(
y
x
)
q(x, τ)
x
(4.8)
Now, if we dene
w(x|y) = αs
2π
Pˆ (x/y)
θ(y > x)
y
(4.9)
(4.8) beomes a master equation for the probability funtion q(x, τ)
∂
∂τ
q(x, τ) =
∫
dx′ (w(x|x′)q(x′, τ)− w(x′|x)q(x, τ)) dx′. (4.10)
There are some interesting features of this speial master equation. Dierently from other
master equations, where transitions are allowed from a given x both toward y > x and
y < x, in this ase, transitions toward x take plae only from values y > x and leave the
momentum ell (x, x+ dx) only toward smaller y values (see Fig.(4.1).
Clearly, this sets a diretion of the kineti evolution of the densities from large x values
toward smaller-x values as τ , the titious time variable, inreases.
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Probably this is the simplest illustration of the fat that parton densities, at large
nal evolution sales, are dominated by their small-x behaviour. As the randomly moving
partons reah the x ≈ 0 region of momentum spae, they nd no spae where to go, while
other partons tend to pile up toward the same region from above. This is the piture of a
random walk biased to move downward (toward the small-x region) and is illustrated in
Fig. (4.1).
4.4 Probabilisti Kernels
We briey disuss some salient features of the struture of the kernels in this approah
and omment on the type of regularization involved in order to dene them appropriately.
We reall that unpolarized and polarized kernels, in leading order, are given by
P
(0)
NS = P
(0)
qq = CF
(
2
(1− x)+ − 1− x+
3
2
δ(1− x)
)
P (0)qg = 2Tf
(
x2 + (1− x)2)
)
P (0)gq = CF
1 + (1− x)2
x
P (0)gg = 2Nc
(
1
(1− x)+ +
1
x
− 2 + x(1− x)
)
+
β0
2
δ(1− x) (4.11)
where
CF =
N2C − 1
2NC
, Tf = TRnf =
1
2
nf , β0 =
11
3
NC − 4
3
Tf (4.12)
and
∆P
(0)
NS = ∆P
(0)
qq
∆P (0)qq = CF
(
2
(1− x)+ − 1− x+
3
2
δ(1− x)
)
∆P (0)qg = 2Tf (2x− 1)
∆P (0)gq = CF (2− x)
∆P (0)gg = 2Nc
(
1
(1− x)+ − 2x+ 1
)
+ δ(1− x)β0
2
, (4.13)
while the LO transverse kernels are given by
∆TP
(0)
qq = CF
(
2
(1− x)+ − 2 +
3
2
δ(1− x)
)
. (4.14)
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The unpolarized kernels should be ompared with the Collins-Qiu form
Pqq = γqq − δ(1− x)
∫ 1
0
dzγqq
Pgg = γgg −
(
nf
∫ 1
0
dzγqg +
1
2
∫ 1
0
dzγgg
)
δ(1− x)
Pqg = γqg
Pgq = γgq
(4.15)
where
γqq = CF
(
2
1− x − 1− x
)
γqg = (2x− 1)
γgq = CF (2− x)
γgg = 2Nc
(
1
1− x +
1
x
− 2 + x(1 − x)
)
.
(4.16)
These kernels need a suitable regularization to be well dened. Below we will analyze the
impliit regularization underlying eq. (4.15). One observation is however almost immedi-
ate: the omponent Pgg is not of the form given by eq. (4.7). In general, therefore, in the
singlet ase, the generalization of eq. (4.7) is given by
P (x) = Pˆ1(x)− δ(1− x)
∫ 1
0
Pˆ2(z)dz (4.17)
and a probabilisti interpretation is more omplex ompared to the nonsinglet ase and
has been disussed in the original literature [38℄.
4.5 Convolutions and Master Form of the Singlet
Distributions are folded with the kernels and the result rearranged in order to simplify the
struture of the equations. Sine in the previous literature this is done in a rather involute
way [53℄ we provide here a simpliation, from whih the equivalene of the various forms
of the kernel, in the various regularizations adopted, will be apparent. All we need is the
simple relation
∫ 1
x
dy
y(1− y)+f(x/y) =
∫ 1
x
dy
y
yf(y)− xf(x)
y − x + log(1− x)f(x) (4.18)
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in whih, on the right hand side, regularity of both the rst and the seond term is expliit.
For instane, the evolution equations beome
dq
d log(Q2)
= 2CF
∫ dy
y
yq(y)− xq(x)
y − x + 2CF log(1− x) q(x)−
∫ 1
x
dy
y
(1 + z) q(y) +
3
2
CF q(x)
+nf
∫ 1
x
dy
y
(
z2 + (1− z)2
)
g(y)
dg
d log(Q2)
= CF
∫ 1
x
dy
y
1 + (1− z)2
z
q(y) + 2Nc
∫ 1
x
dy
y
yf(y)− xf(x)
y − x g(y)
+2Nc log(1− x)g(x) + 2Nc
∫ 1
x
dy
y
(
1
z
− 2 + z(1 − z)
)
g(y) +
β0
2
g(x)
(4.19)
with z ≡ x/y. The same simplied form is obtained from the probabilisti version, having
dened a suitable regularization of the edge point singularities in the integrals over the
omponents γff ′ in eq. (4.16). The anonial expressions of the kernels (4.13), expressed in
terms of + distributions, an also be rearranged to look like their equivalent probabilisti
form by isolating the edge-point ontributions hidden in their + distributions. We get
the expressions
P (0)qq NS = P
(0)
qq = CF
(
2
(1− x) − 1− x
)
−
(
CF
∫ 1
0
dz
1− z −
3
2
)
δ(1− x)
P (0)gg = 2Nc
(
1
(1− x) +
1
x
− 2 + x(1− x)
)
−
(
2Nc
∫ 1
0
dz
1− z −
β0
2
)
δ(1− x)(4.20)
and
∆P (0)qq = CF
(
2
(1− x) − 1− x
)
− CF
(∫ 1
0
dz
1− z −
3
2
)
δ(1− x)
∆P (0)gg = 2Nc
(
1
1− x − 2x+ 1
)
−
(
2Nc
∫ 1
0
dz
1− z −
β0
2
)
δ(1− x), (4.21)
the other expressions remaining invariant. In appendix A we provide some tehnial
details on the equivalene between the onvolutions obtained using these kernels with the
standard ones.
A master form of the singlet (unpolarized) equation is obtained by a straightforward
hange of variable in the dereasing terms. We obtain
dq
dτ
=
∫ 1−Λ
x
dy
y
γqq(x/y)q(y)−
∫ x−Λ
0
dy
y
γqq(y/x)q(x)
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dg
dτ
=
∫ 1−Λ
x
dy
y
γgg(x/y)− nf
∫ x
0
γqg(y/x)g(x)
−1
2
∫ x−Λ
Λ
γgg(y/x)g(x) +
∫ 1
x
dy
y
γgq(x/y)q(y) (4.22)
with a suitable (unique) uto Λ needed to ast the equation in the form (4.19). A
disussion of this aspet is left in appendix B. The (regulated) transition probabilities are
then given by
wqq(x|y) = γqq(x/y)θ(y > x)θ(y < 1− Λ)
y
wqq(y|x) = γqq(y/x)θ(y < x− Λ)θ(y > 0)
x
wgg(x|y) = γgg(x/y)θ(y > x)θ(y < 1− Λ)
y
wqq(y|x) =
(
nfγqg(y/x)− 1
2
γgg(y/x)
)
θ(y < x− Λ)θ(y > 0)
x
wgq(y|x) = γgq(x/y)θ(y > x)θ(y < 1− Λ)
y
wgq(x|y) = 0,
(4.23)
as one an easily dedut from the form of eq. (4.10).
4.6 A Kramers-Moyal Expansion for the DGLAP Equa-
tion
Kramers-Moyal (KM) expansions of the master equations (bakward or forward) are some-
times useful in order to gain insight into the master equation itself, sine they may provide
a omplementary view of the underlying dynamis.
The expansion allows to get rid of the integral whih haraterizes the master equation,
at the ost of introduing a dierential operator of arbitrary order. For the approximation
to be useful, one has to stop the expansion after the rst few orders. In many ases this
turns out to be possible. Examples of proesses of this type are speial Langevin proesses
and proesses desribed by a Fokker-Plank operator. In these ases the probabilisti in-
terpretation allows us to write down a titious Lagrangian, a orresponding path integral
and solve for the propagators using the Feynman-Ka formula. For denitess we take the
integral to over all the real axis in the variable x′
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∂
∂τ
q(x, τ) =
∫ ∞
−∞
dx′ (w(x|x′)q(x′, τ)− w(x′|x)q(x, τ)) dx′. (4.24)
As we will see below, in the DGLAP ase some modiations to the usual form of the
KM expansion will appear. At this point we perform a KM expansion of the equation in
the usual way. We make the substitutions in the master equation y → x− y in the rst
term and y → x+ y in the seond term
∂
∂τ
q(x, τ) =
∫ ∞
−∞
dy (w(x|x− y)q(x− y, τ)− w(x+ y|x)q(x, τ)) , (4.25)
identially equal to
∂
∂τ
q(x, τ) =
∫ ∞
−∞
dy (w(x+ y − y′|x− y′)q(x− y′, τ)− w(x+ y′|x)q(x, τ)) , (4.26)
with y = y′. First and seond term in the equation above dier by a shift (in −y′) and
an be related using a Taylor (or KM) expansion of the rst term
∂
∂τ
q(x, τ) =
∫ ∞
−∞
dy
∞∑
n=1
(−y)n
n!
∂n
∂xn
(w(x+ y|x)q(x, τ)) (4.27)
where the n = 0 term has aneled between the rst and the seond ontribution oming
from (4.26). The result an be written in the form
∂
∂τ
q(x, τ) =
∞∑
n=1
(−y)n
n!
∂n
∂xn
(an(x)q(x, τ)) (4.28)
where
an(x) =
∫ ∞
−∞
dy(y − x)nw(y|x). (4.29)
In the DGLAP ase we need to amend the former derivation, due to the presene of
boundaries (0 < x < 1) in the Bjorken variable x. For simpliity we will fous on the
nonsinglet ase. We rewrite the master equation using the same hange of variables used
above
∂
∂τ
q(x, τ) =
∫ 1
x
dyw(x|y)q(y, τ)−
∫ x
0
dyw(y|x)q(x, τ)
−
∫ α(x)
0
dyw(x+ y|x) ∗ q(x, τ) +
∫ −x
0
dyw(x+ y|x)q(x, τ), (4.30)
where we have introdued the simplest form of the Moyal produt
2
2
A note for nonommutative geometers: this simplied form is obtained for a dissipative dynamis
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w(x+ y|x) ∗ q(x) ≡ w(x+ y|x)e−y
(←−
∂ x+
−→
∂ x
)
q(x, τ) (4.31)
and α(x) = x− 1. The expansion is of the form
∂
∂τ
q(x, τ) =
∫ −x
α(x)
dy w(x+ y|x)q(x, τ)−
∞∑
n=1
∫ α(x)
0
dy
(−y)n
n!
∂x
n (w(x+ y|x)q(x, τ))(4.32)
whih an be redued to a dierential equation of arbitrary order using simple manipula-
tions. We reall that the Fokker-Plank approximation is obtained stopping the expansion
at the seond order
∂
∂τ
q(x, τ) = a0(x)− ∂x (a1(x)q(x)) + 1
2
∂2x (a2(x)q(x, τ)) (4.33)
with
an(x) =
∫
dy ynw(x+ y, x) (4.34)
being moments of the transition probability funtion w. Given the boundary onditions
on the Bjorken variable x, even in the Fokker-Plank approximation, the Fokker-Plank
version of the DGLAP equation is slightly more involved than Eq. (4.33) and the oe-
ients an(x) need to be redened.
4.7 The Fokker-Plank Approximation
The probabilisti interpretation of the DGLAP equation motivates us to investigate the
role of the Fokker-Plank (FP) approximation to the equation and its possible pratial
use. We should start by saying a word of aution regarding this expansion.
In the ontext of a random walk, an all-order derivative expansion of the master
equation an be arrested to the rst few terms either if the onditions of Pawula's theorem
are satised -in whih ase the FP approximation turns out to be exat- or if the transition
probabilities show an exponential deay above a ertain distane allowed to the random
walk. Sine the DGLAP kernels show only an algebrai deay in x, and there isn't any
expliit sale in the kernel themselves, the expansion is questionable. However, from a
formal viewpoint, it is still allowed. With these aveats in mind we proeed to investigate
the features of this expansion.
We redene
when the p's of phase spae are replaed by onstants. Here we have only one variable: x
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a˜0(x) =
∫ −x
α(x)
dyw(x+ y|x)q(x, τ)
an(x) =
∫ α(x)
0
dyynw(x+ y|x)q(x, τ)
a˜n(x) =
∫ α(x)
0
dyyn∂x
n (w(x+ y|x)q(x, τ)) n = 1, 2, ... (4.35)
For the rst two terms (n = 1, 2) one an easily work out the relations
a˜1(x) = ∂xa1(x)− α(x)∂xα(x)w(x+ α(x)|x)q(x, τ)
a˜2(x) = ∂
2
xa2(x)− 2α(x)(∂xα(x))2w(x+ α(x)|x)q(x, τ)− α(x)2∂xα(x)∂x (w(x+ α(x)|x)q(x, τ))
−α2(x)∂xα(x)∂x (w(x+ y|x)q(x, τ)) |y=α(x) (4.36)
Let's see what happens when we arrest the expansion (4.32) to the rst 3 terms. The
Fokker-Plank version of the equation is obtained by inluding in the approximation only
a˜n with n = 0, 1, 2.
The Fokker-Plank limit of the (nonsinglet) equation is then given by
∂
∂τ
q(x, τ) = a˜0(x) + a˜1(x)− 1
2
a˜2(x) (4.37)
whih we rewrite expliitly as
∂
∂τ
q(x, τ) = CF
(
85
12
+
3
4x4
− 13
3x3
+
10
x2
− 12
x
+ 2 log
(
1− x
x
))
q(x)
+CF
(
9− 1
2x3
+
3
x2
− 7
x
− 9
2
)
∂xq(x, τ)
+CF
(
9
4
+
1
8x2
− 5
6x
− 5x
2
+
23x2
24
)
∂2xq(x, τ). (4.38)
A similar approah an be followed also for other ases, for whih a probabilisti
piture (a derivation of Collins-Qiu type) has not been established yet, suh as for h1. We
desribe briey how to proeed in this ase.
First of all, we rewrite the evolution equation for the transversity in a suitable master
form. This is possible sine the subtration terms an be written as integrals of a positive
funtion. A possibility is to hoose the transition probabilities
w1[x|y] = CF
y
(
2
1− x/y − 2
)
θ(y > x)θ(y < 1)
w2[y|x] = CF
x
(
2
1− y/x −
3
2
)
θ(y > −x)θ(y < 0)
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(4.39)
whih reprodue the evolution equation for h1 in master form
dh1
dτ
=
∫ 1
0
dyw1(x|y)h1(y, τ)−
∫ 1
0
dyw2(y|x)h1(x, τ). (4.40)
The Kramers-Moyal expansion is derived as before, with some slight modiations. The
result is obtained introduing an intermediate uto whih is removed at the end. In this
ase we get
dh1
dτ
= CF
(
17
3
− 2
3x3
+
3
x2
− 6
x
+ 2 log
(
1− x
x
))
h1(x, τ)
+CF
(
6 +
2
3x2
− 3
x
− 11x
3
)
∂xh1(x, τ)
+CF
(
3
2
− 1
3x
− 2x+ 5x
2
6
)
∂2xh1(x, τ).
Notie that ompared to the standard Fokker-Plank approximation, the boundary
now generates a term on the left-hand-side of the equation proportional to q(x) whih is
absent in eq. (4.33). This and higher order approximations to the DGLAP equation an
be studied systematially both analytially and numerially and it is possible to assess
the validity of the approximation [25℄.
4.8 Heliities to LO
As we have mentioned above, an interesting version of the usual DGLAP equation involves
the heliity distributions.
We start introduing [21℄ the DGLAP kernels for xed heliities P++(z) = (P (z) +
∆P (z))/2 and P+−(z) = (P (z) − ∆P (z))/2 whih will be used below. P (z) denotes
(generially) the unpolarized kernels, while the ∆P (z) are the longitudinally polarized
ones. These denitions, throughout the hapter, are meant to be expanded up to NLO,
the order at whih our numerial analysis holds.
The equations, in the heliity basis, are
dq+(x)
dt
=
αs
2π
(P qq++(
x
y
)⊗ q+(y) + P qq+−(
x
y
)⊗ q−(y)
+P qg++(
x
y
)⊗ g+(y) + P qg+−(
x
y
)⊗ g−(y)),
dq−(x)
dt
=
αs
2π
(P+−(
x
y
)⊗ q+(y) + P++(x
y
)⊗ q−(y)
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Figure 4.2: LO kernels (qq and qg) in the heliity basis.
+P qg+−(
x
y
)⊗ g+(y) + P qg++(
x
y
)⊗ g−(y)),
dg+(x)
dt
=
αs
2π
(P gq++(
x
y
)⊗ q+(y) + P gq+−(
x
y
)⊗ q−(y)
+P gg++(
x
y
)⊗ g+(y) + P gg+−(
x
y
)⊗ g−(y)),
dg−(x)
dt
=
αs
2π
(P gq+−(
x
y
)⊗ q+(y) + P gq++(
x
y
)⊗ q−(y)
+P gg+−(
x
y
)⊗ g+(y) + P gg++(
x
y
)⊗ g−(y)). (4.41)
The nonsinglet (valene) analogue of this equation is also easy to write down
dq+,V (x)
dt
=
αs
2π
(P++(
x
y
)⊗ q+,V (y) + P+−(x
y
)⊗ q−,V (y)),
dq−,V (x)
dt
=
αs
2π
(P+−(
x
y
)⊗ q+,V (y) + P++(x
y
)⊗ q−,V (y)). (4.42)
where the q±,V = q± − q¯± are the valene omponents of xed heliities. The kernels in
this basis are given by
P
(0)
NS±,++ = P
(0)
qq,++ = P
(0)
qq
P
(0)
qq,+− = P
(0)
qq,−+ = 0
P
(0)
qg,++ = nfx
2
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Figure 4.3: NLO kernels (qq and qg) in the heliity basis.
Pqg,+− = Pqg,−+ = nf (x− 1)2
Pgq,++ = Pgq,−− = CF
1
x
P
(0)
gg,++ = P
(0)
gg,++ = Nc
(
2
(1− x)+ +
1
x
− 1− x− x2
)
+ β0δ(1− x)
P
(0)
gg,+− = Nc
(
3x+
1
x
− 3− x2
)
(4.43)
Taking linear ombinations of these equations (adding and subtrating), one reovers
the usual evolutions for unpolarized q(x) and longitudinally polarized∆q(x) distributions.
We reall that the unpolarized distributions, the polarized and the transversely polarized
qT (x) are related by
q(x) = q+(x) + q−(x) = q+T (x) + q−T (x)
∆q(x) = q+(x)− q−(x) (4.44)
at any Q of the evolution and, in partiular, at the boundary of the evolution.
Similar denition have been introdued for the gluon setor with G±(x) denoting
the xed heliities of the gluon distributions with ∆g(x) = g+(x) − g−(x) and g(x) =
g+(x)+g−(x) being the orresponding longitudinal asymmetry and the unpolarized density
respetively.
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Figure 4.4: Nonsinglet kernels in the heliity basis.
Figure 4.5: LO kernels (gq and gg) in the heliity basis.
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4.9 Summary of Positivity Arguments
Let us reapitulate here the basi arguments [21℄ that are brought forward in order to
prove the positivity of the evolution to NLO.
If
|∆P (z)| ≤ P (z), z < 1 (4.45)
then both kernels P++(z) and P+−(z) are positive as far as z < 1.
The singular ontributions at z = 1, whih appear as subtration terms in the evolution
and whih ould, in priniple, alter positivity, appear only in diagonal form, whih means
that they are only ontained in P++, multiplied by the single funtions q+(x) or q−(x)
dq+(x)
dt
=
αs
2π
P qq++(
x
y
)⊗ q+(y) + ... (4.46)
dq−(x)
dt
=
αs
2π
P qq++(
x
y
)⊗ q+(y) + ... (4.47)
dg+(x)
dt
=
αs
2π
P gg++(
x
y
)⊗ g+(y) + ... (4.48)
Let's fous just on the equation for q+ (4.46). Rewriting the diagonal ontribution as
a master equation
dq+(x)
dt
=
∫
dx′ (w++(x|x′)q+(x′, τ)− w++(x′|x)q+(x, τ)) dx′ + ... (4.49)
in terms of a transition probability
w++(x|y) = αs
2π
Pˆ++(x/y)θ(y > x) (4.50)
whih an be easily established to be positive, as we are going to show rigorously below,
as far as all the remaining terms (the ellipses) are positive. We have performed a detailed
numerial analysis to show the positivity of the ontributions at x = 1.
This last ondition is also learly satised, sine the δ(1−z) ontributions appear only
in P++ and are diagonal in the heliity of the various avours (q, g). For a rigorous proof
of the positivity of the solutions of master equations we proeed as follows.
Let q(x, τ) be a positive distribution for τ < τc and let us assume that it vanishes at
τ = τc, after whih it turns negative. We also assume that the evolution of q(x, τ) is of
the form (4.7) with positive transition probabilities w(x|y) and w(y|x). Notie that sine
the funtion is ontinuous together with its rst derivative and dereasing, ontinuity of
its rst derivative will require
dq(x,τ)
dτ
< 0 at τ = τc and in its neighbor. However, eq. (4.7)
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Figure 4.6: NLO kernels (gq and gg) in the heliity basis.
requires that at τ = τc
dq(x)
dt
=
∫
dx′w(x|x′)q(x′, τ) (4.51)
whih is positive, and we have a ontradition. We an piture the evolution in τ of
these funtions as a family of urves getting support to smaller and smaller x-values as τ
grows and being almost vanishing at intermediate and large x values. We should mention
that this proof does not require a omplete probabilisti piture of the evolution, but just
the positivity of the bulk part of the kernels, the positivity of the edge point subtrations
and their diagonality in avour. From Figs. (4.2) and (4.5) it is also evident that the
leading order kernels are positive, together with the qg and qq (Fig. (4.3)) setors.
The edge point ontributions, generating the subtration terms in the master equa-
tions for the ++ omponents of the kernels are positive, as is illustrated in 3 Tables
inluded in Appendix A. There we have organized these terms in the form ∼ Cδ(1 − x)
with
C = − log(1− Λ)A+B (4.52)
with A and B being numerial oeients depending on the number of avours inluded
in the kernels. Notie that the subtration terms are always of the form (4.52), with
the (diverging) logarithmi ontribution (∼ ∫ Λ0 dz/(1 − z)) regulated by a uto. This
divergene in the onvolution anels when these terms are ombined with the divergene
at x = 1 of the rst term of the master equation for all the relevant omponents on-
taining + distributions. It is ruial, however, to establish positivity of the evolution
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Figure 4.7: The rossing of NLO kernels (gq and gg) in the heliity basis.
of the heliities that the boundary onditions on the evolution |∆q(x,Q20)| ≤ q(x,Q20) be
satised. Initial onditions have this speial property, in most of models, and the proof
of positivity of all the distributions therefore holds at any Q.
As we move to NLO, the pattern gets more ompliated. In fat, from a numerial
hek, one an see that some NLO kernels turn to be negative, inluding the unpolarized
kernels and the heliity kernels, while others (Fig. (4.4)) are positive. One an also notie
the presene of a rossing of several heliity omponents in the gq and gg setors (see Fig.
(4.7)) at larger x values, while in the small-x region some omponents turn negative (Fig.
(4.6)). There is no ompelling proof of positivity, in this ase, either than that oming
from a diret numerial analysis.
We have seen that master forms of evolution equations, for evolutions of all kinds,
when found, an be used to establish positivity of the evolution itself.
The requirements have been spelled out above and an be summarized in the following
points: 1) diagonality of the dereasing terms, 2) initial positivity of the distributions, 3)
positivity of the remaining (non diagonal) kernels. As we have also seen, some of these
onditions are not satised by the NLO evolution.
4.10 Results
In regard to the input distributions we used, we refer the reader to Se. 1.8.
We show in Fig. 4.8 results for the evolution of the u+ distribution at the initial sale
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Nf A B
3 12.5302 12.1739
4 10.9569 10.6924
5 9.3836 9.2109
6 7.8103 7.7249
Table 4.1: Coeients A and B for P
(1)
NS,++
(0.632 GeV) and at two nal sales, 100 GeV and 200 GeV respetively. The peaks at the
various sales get lowered and beome more pronouned toward the smaller x region as
Q inreases. In Fig. 4.9 u− show an apparent steeper growth at small-x ompared to u+.
For the d distributions the situation is inverted, with d− growing steeper ompared to d+
(Figs. 4.11 and 4.12 respetively). This apparent behaviour is resolved in Figs. (4.10)
and (4.13) from whih it is evident that both plus and minus omponents onverge, at
very small-x values, toward the same limit.
The omponents s,,t and b (Figs. 4.14-4.21) have been generated radiatively from
vanishing initial onditions for nal evolution sales of 100 and 200 GeV (s, c, b) and 200
GeV (t).
Both positive and negative omponents grow steadily at small-x and are negligible at
larger x values. The distribution for the top quark (t) has been inluded for ompleteness.
Given the smaller evolution interval the heliity distributions for heavier generations are
suppressed ompared to those of lighter avours. Gluon heliities (Figs. 4.22, 4.23) are
also enhaned at small-x, and show a similar growth. The ne dierene between the
quark u and d distributions are shown in Figs. 4.10 and 4.13.
Finally in Figs. 4.24, 4.25 and 4.26 we plot simultaneously longitudinally polarized,
unpolarized and heliity distributions for up quarks, down quarks and gluons at an in-
termediate fatorization sale of 100 GeV, relevant for experiments at RHIC. Notie that
while u+ and u− are positive and their dierene (∆u) is also positive, for down quarks
the two heliity omponents are positive while their dierene (∆d) is negative. Gluons,
in the model studied here, have a positive longitudinal polarization, and their heliity
omponents are also positive. The positive and negative gluon heliities are plotted in
two separate gures, Figs. 4.22 and 4.23, while their dierene, ∆g(x) is shown in Fig.
4.27. One an observe, at least in this model, a rossing at small-x in this distribution.
We onlude that, at least for this set of boundary onditions, positivity of all the
omponents holds to NLO, as expeted.
We also report three tables (4.1  4.3) illustrating the (positive) numerial values of
the ontributions oming from the subtration terms in the NLO kernels. Coeients A
and B refer to the subtration terms − log(1−Λ)A+B as explained in the setion above.
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Nf A B
3 12.5302 12.1739
4 10.9569 10.6924
5 9.3836 9.2109
6 7.8103 7.7249
Table 4.2: Coeients A and B as in Table 4.1 for P
(1)
qq,++
Nf A B
3 48.4555 27.3912
4 45.7889 24.0579
5 43.1222 20.7245
6 40.4555 17.3912
Table 4.3: Coeients A and B as in Table 4.1 for P
(1)
gg,++
4.11 Regularizations
The + plus form of the kernels and all the other forms introdued before, obtained by
separating the ontributions from the edge-point (x = 1) from those oming from the
bulk (0 < x < 1) are all equivalent, as we are going to show, with the understanding
that a linear (unique) uto is used to regulate the divergenes both at x=0 and at x=1.
We fous here on the two possible soures of singularity, i.e. on Pqq and on the Pgg
ontributions, whih require some attention. Let's start from the Pqq ase. We reall that
+ plus distributions are dened as
1
(1− x)+ =
θ(1− x− Λ)
1− x − δ(1− x)
∫ 1−Λ
0
dz
1− z (4.53)
with Λ being a uto for the edge-point ontribution.
We will be using the relations
∫ 1
x
dy
y
δ(1− y) = 1
∫ 1
0
dz
1− z =
∫ 1
x
dz
1− z − log(1− x)∫ 1
x
dy
y
f(y)g(x/y) =
∫ 1
x
dy
y
f(x/y)g(y). (4.54)
Using the expressions above it is easy to obtain
1
(1− x)+ ⊗ f(x) =
∫ 1
x
dy
y
1
(1− x/y)+ q(y)
=
∫ 1
x
dy
y
1
1− x/yf(y)−
∫ 1
x
dy
y
δ(1− y)
∫ 1
0
dz
z
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=
∫ 1
x
dy
y
yf(y)− xf(x)
y − x + log(1− x)f(x)
(4.55)
whih is eq. (4.18). If we remove the + distributions and adopt (impliitly) a uto
regularization, we need speial are. In the probabilisti version of the kernel, the handling
of Pqq ⊗ q is rather straightforward
Pqq ⊗ q(x) = CF
∫ 1
x
dy
y
(
2
1− x/y − 1− x/y
)
q(y)
−CF
∫ 1
x
dy
y
δ(1− y)
∫ 1
0
dz′
(
2
1− z′ − 1− z
′
)
(4.56)
and using eqs. (4.54) we easily obtain
Pqq ⊗ q(x) = 2CF
∫ 1
x
dy
y
yq(y)− xq(x)
y − x + 2CF log(1− x)q(x)
−CF
∫ 1
x
dy
y
(1 + x/y) q(y) +
3
2
CF q(x). (4.57)
Now onsider the onvolution Pgg ⊗ g(x) in the Collins-Qiu form. We get
Pgg ⊗ g(x) = 2CA
∫ 1
x
dy
y
1
1− x/yg(y)
+2CA
∫ 1
x
dy
y
(
x/y(1− x/y) + 1
x/y
− 2
)
g(y)− g(x)
∫ 1
0
dz
C A
(
1
z
+
1
1− z
)
−1
2
g(x)
∫ 1
0
dz 2CA (z(1− z)− 2)− nfg(x)
∫ 1
0
dz
1
2
(
z2 + (1− z)2
)
. (4.58)
There are some terms in the expression above that require some are. The appropriate
regularization is
∫ 1
0
dz
z
+
∫ 1
0
dz
1− z → I(Λ) =
∫ 1
Λ
dz
z
+
∫ 1−Λ
0
dz
1− z . (4.59)
Observe also that ∫ 1
Λ
dz
z
=
∫ 1−Λ
0
dz
1− z = − log Λ. (4.60)
Notie that in this regularization the singularity of 1/z at z = 0 is traded for a singularity
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at z=1 in 1/(1− z). It is then rather straightforward to show that
Pgg ⊗ g(x) = 2CA
∫ 1
x
dy
y
yg(y)− xg(x)
y − x + 2CA log(1− x)g(x)
+2CA
∫ 1
x
dy
y
(
x/y(1− x/y) + 1
x/y
− 2
)
+
β0
2
g(x). (4.61)
A nal omment is due for the form of the sum rule
∫ 1
0
dz(z − 1
2
)γgg = 0 (4.62)
that we need to hek with the regularization given above.
The strategy to handle this expression is the same as before. We extrat all the 1/z
and 1/(1− z) integration terms and use
∫ 1
0
dz
z
−
∫ 1
0
dz
1− z →
∫ 1
Λ
dz
z
−
∫ 1−Λ
0
dz
1− z
= − log Λ + log Λ = 0
(4.63)
to eliminate the singularities at the boundaries x = 0, 1 and verify eq. (4.62).
Figure 4.8: Evolution of u+ versus x at various Q values.
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Figure 4.9: Evolution of u− versus x at various Q values.
Figure 4.10: Small-x behaviour of u± at 100 GeV.
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Figure 4.11: Evolution of d+ versus x at various Q values.
Figure 4.12: Evolution of d− versus x at various Q values.
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Figure 4.13: Small-x behaviour of d± at 100 GeV.
Figure 4.14: Evolution of s+ versus x at various Q values.
Chapter 4. The kineti interpretation of the DGLAP Equation 115
Figure 4.15: Evolution of s− versus x at various Q values.
Figure 4.16: Evolution of c+ versus x at various Q values.
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Figure 4.17: Evolution of c− versus x at various Q values.
Figure 4.18: Evolution of b+ versus x at various Q values.
Chapter 4. The kineti interpretation of the DGLAP Equation 117
Figure 4.19: Evolution of b− versus x at various Q values.
4.12 Conlusions
We have disussed in detail some of the main features of the probabilisti approah to
the DGLAP evolution in the heliity basis. Numerial results for the evolution of all the
heliities have been provided, using a speial algorithm, based in x-spae. We have also
illustrated some of the essential dierenes between the standard distributional form of
the kernels and their probabilisti version, larifying some issues onneted to their regu-
larization. Then we have turned to the probabilisti piture, stressing on the onnetion
between the random walk approah to parton diusion in x-spae and the master form
of the DGLAP equation. The link between the two desriptions has been disussed es-
peially in the ontext of the Kramers-Moyal expansion. A Fokker-Plank approximation
to the expansion has also been presented whih may turn useful for the study of formal
properties of the probabilisti evolution. We have also seen that positivity of the heliity
distributions, to NLO, requires a numerial analysis, as already hinted in [21℄. Our study
also validates the use of a very fast evolution algorithm, alternative to other standard
algorithms based on Mellin algorithms, whose advantage is espeially in the analysis of
the evolution of nonforward parton distributions, as we will show elsewhere.
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Figure 4.20: Evolution of t+ versus x at various Q values.
Figure 4.21: Evolution of t− versus x at various Q values.
Chapter 4. The kineti interpretation of the DGLAP Equation 119
Figure 4.22: Evolution of g+ versus x at various Q values.
Figure 4.23: Evolution of g− versus x at various Q values.
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Figure 4.24: Various kinds of distributions of quark up at Q = 100GeV.
Figure 4.25: Various kinds of distributions of quark down at Q = 100GeV.
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Figure 4.26: Various kinds of gluon distributions at Q = 100GeV.
Figure 4.27: Small-x behaviour of ∆g at 100 GeV.
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Chapter 5
An x-spae analysis of evolution
equations: Soer's inequality and the
nonforward evolution
We analyze the use of algorithms based in x-spae for the solution of renormalization group
equations of DGLAP-type and test their onsisteny by studying bounds among partons
distributions - in our spei ase Soer's inequality and the perturbative behaviour of
the nuleon tensor harge - to next-to-leading order in QCD.
We also omment on the (kineti) proof of positivity of the evolution of h1, using a
kineti analogy, along the lines of the previous hapter, and illustrate the extension of the
algorithm to the evolution of generalized parton distributions. We prove positivity of the
nonforward evolution in a speial ase and illustrate a Fokker-Plank approximation to
it.
5.1 Introdution
One of the most fasinating aspets of the struture of the nuleon is the study of the
distribution of spin among its onstituents, a topi of remarkable oneptual omplexity
whih has gained a lot of attention in reent years. This study is entirely based on
the lassiation and on the phenomenologial modeling of all the leading-twist parton
distributions, used as building bloks for further investigations in hadroni physis.
There are various theoretial ways to gather information on these non-loal matrix
elements. One among the various possibilities is to disover sum rules onneting mo-
ments of these distributions to other fundamental observables. Another possibility is to
disover bounds - or inequalities - among them and use these results in the proess of
their modeling. There are various bounds that an be studied, partiularly in the ontext
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of the new generalized parton dynamis typial of the skewed distributions [82, 106℄. All
these relations an be analyzed in perturbation theory and studied using the Renormal-
ization Group (RG), although a omplete desription of their perturbative dynamis is
still missing. This study, we believe, may require onsiderable theoretial eort sine it
involves a global understanding both of the (older) forward (DGLAP) dynamis and of
the generalized new dynamis enoded in the skewed distributions.
In this ontext, a program aimed at the study of various bounds in perturbation the-
ory using primarily a parton dynamis in x-spae has been outlined [25℄. This requires
aurate algorithms to solve the equations up to next-to-leading order (NLO). Also, un-
derlying this type of desription is, in many ases, a probabilisti approah [22℄ whih
has some interesting onsequenes worth of a loser look . In fat, the DGLAP equation,
viewed as a probabilisti proess, an be rewritten in a master form whih is at the root of
some interesting formal developments. In partiular, a wide set of results, available from
the theory of stohasti proesses, nd their way in the study of the evolution. We have
elaborated on this issue in previous work [25℄ and proposed a Kramers-Moyal expansion of
the DGLAP equation as an alternative way to desribe its dynamis. Here, this analysis
will be extended to the ase of the nonforward evolution.
With these objetives in mind, in this study we test x-spae algorithms up to NLO and
verify their auray using a stringent test: Soer's inequality. As usual, we are bound to
work with spei models of initial onditions. The implementations on whih our analysis
are based are general, with a varying avour number nf at any threshold of intermediate
quark mass in the evolution. Here, we address Soer's inequality using an approah based
on the notion of superdistributions [21℄, whih are onstruts designed to have a simple
(positive) evolution thanks to the existene of an underlying master form [22, 25℄. The
original motivation for using suh a master form (also termed kineti or probabilisti) to
prove positivity has been presented in [21℄, while further extensions of these arguments
have been presented in [25℄. In a nal setion we propose the extension of the evolution
algorithm to the ase of the skewed distributions, and illustrate its implementation in the
nonsinglet ase. As for the forward ase, numerial tests of the inequality are performed
for two dierent models. We show that even starting from a saturated inequality at
the lowest evolution sale, the various models dier signiantly even for a moderate
nal fatorization sale of Q = 100 GeV. Finally, we illustrate in another appliation the
evolution of the tensor harge and show that, in the models onsidered, dierenes in the
predition of the tensor harge are large.
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5.2 Prelude to x-spae: A Simple Proof of Positivity of
h1 to NLO
There are some nie features of the parton dynamis, at least in the leading logarithmi
approximation (LO), when viewed in x-spae, one a suitable master form of the parton
evolution equations is identied.
The existene of suh a master form, as rstly shown by Teryaev, is a speial feature
of the evolution equation itself. The topi has been addressed before in LO [21℄ and
reanalyzed in more detail in [25℄ where, starting from a kineti interpretation of the evo-
lution, a dierential equation obtained from the Kramers-Moyal expansion of the DGLAP
equation has also been proposed.
The arguments of refs. [21, 25℄ are built around a form of the evolution equation
whih has a simple kineti interpretation and is written in terms of transition probabilities
onstruted from the kernels.
The strategy used, at least in leading order, to demonstrate the positivity of the LO
evolution for speial ombinations of parton distributions Q± [21℄, to be dened below,
or the NLO evolution for h1, whih we are going to address, is based on some results of
ref.[21℄, briey reviewed here, in order to be self-ontained.
A master equation is typially given by
∂
∂τ
f(x, τ) =
∫
dx′ (w(x|x′)f(x′, τ)− w(x′|x)f(x, τ)) dx′ (5.1)
and if through some manipulations, a DGLAP equation
dq(x,Q2)
d log(Q2)
=
∫ 1
x
dy
y
P (x/y)q(y,Q2), (5.2)
with kernels P (x), is rewritten in suh a way to resemble eq. (5.1)
d
dτ
q(x, τ) =
∫ 1
x
dyPˆ
(
x
y
)
q(y, τ)
y
−
∫ x
0
dy
y
Pˆ
(
y
x
)
q(x, τ)
x
, (5.3)
with a (positive) transition probability
w(x|y) = αs
2π
Pˆ (x/y)
θ(y > x)
y
(5.4)
then positivity of the evolution is established.
For equations of nonsinglet type, suh as those evolving q(−) = q − q¯, the valene
quark distribution, or h1, the transverse spin distribution, this rewriting of the equation
is possible, at least in LO. NLO proofs are, in general, impossible to onstrut by this
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method, sine the kernels turn out, in many ases, to be negative. The only possible
proof, in these ases, is just a numerial one, for suitable (positive) boundary onditions
observed by the initial form of the parton distributions. Positivity of the evolution is then
a result of a non obvious interplay between the various ontributions to the kernels in
various regions in x-spae.
In order to disuss the probabilisti version of the DGLAP equation it is onvenient to
separate the bulk ontributions of the kernels (x < 1) from the edge point ontributions
at x = 1. For this purpose we reall that the struture of the kernels is, in general, given
by
P (z) = Pˆ (z)− δ(1− z)
∫ 1
0
Pˆ (z) dz, (5.5)
where the bulk ontributions (z < 1) and the edge point ontributions (∼ δ(z − 1)) have
been expliitly separated. We fous on the transverse spin distributions as an example.
With these prerequisites, proving the LO and NLO positivity of the transverse spin dis-
tributions is quite straightforward, but requires a numerial inspetion of the transverse
kernels. Sine the evolutions for ∆T q
(±) ≡ hq1 are purely nonsinglet, diagonality in avour
of the subtration terms (∼ ∫ x0 w(y|x)q(x, τ)) is satised, while the edge-point subtra-
tions an be tested to be positive numerially. We illustrate the expliit onstrution of
the master equation for h1 in LO, sine extensions to NLO of this onstrution are rather
straightforward.
In this ase the LO kernel is given by
∆TP
(0)
qq (x) = CF
[
2
(1− x)+ − 2 +
3
2
δ(1− x)
]
(5.6)
and by some simple manipulations we an rewrite the orresponding evolution equation
in a suitable master form. That this is possible is an elementary fat sine the subtration
terms an be written as integrals of a positive funtion. For instane, a possibility is to
hoose the transition probabilities
w1[x|y] = CF
y
(
2
1− x/y − 2
)
θ(y > x)θ(y < 1)
w2[y|x] = CF
x
(
2
1− y/x −
3
2
)
θ(y > −x)θ(y < 0)
(5.7)
whih reprodue the evolution equation for h1 in master form
dh1
dτ
=
∫ 1
0
dyw1(x|y)h1(y, τ)−
∫ 1
0
dyw2(y|x)h1(x, τ). (5.8)
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nf A B
3 12.5302 12.1739
4 10.9569 10.6924
5 9.3836 9.2109
6 7.8103 7.7249
Table 5.1: Coeients A and B for various avor numbers, to NLO for ∆TPqq,±
The NLO proof of positivity is also rather straightforward. For this purpose we have
analyzed numerially the behaviour of the NLO kernels both in their bulk region and at
the edge-point. We show in Table 1 of Appendix B results for the edge point ontributions
to NLO for both of the ∆TP
(1)
± omponents, whih are numerially the same. There we
have organized these terms in the form ∼ Cδ(1− x) with
C = − log(1− Λ)A+B, (5.9)
with A and B being numerial oeients depending on the number of avours inluded
in the kernels. The (diverging) logarithmi ontribution (∼ ∫ Λ0 dz/(1 − z)) have been
regulated by a uto. This divergene in the onvolution anels when these terms are
ombined with the divergene at x = 1 of the rst term of the master equation (5.8) for
all the relevant omponents ontaining + distributions. As for the bulk ontributions
(x < 1), positivity up to NLO of the transverse kernels is shown numerially in Fig.
(5.1). All the onditions of positivity are therefore satised and therefore the ∆T±q
distributions evolve positively up to NLO. The existene of a master form of the equation
is then guaranteed.
Notie that the NLO positivity of ∆T±q implies positivity of the nuleon tensor harge
[81℄
δq ≡
∫ 1
0
dx
(
hq1(x)− hq¯(x)1
)
(5.10)
for eah separate avour for positive initial onditions. As we have just shown, this proof
of positivity is very short, as far as one an hek numerially that both omponents of
eq.(5.8) are positive.
5.3 Soer's inequality
Numerial tests of Soer's inequality an be performed either in moment spae or, as we
are going to illustrate in the next setion, diretly in x-spae, using suitable algorithms
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to apture the perturbative nature of the evolution. We reall that Soer's inequality
|h1(x)| < q+(x) (5.11)
sets a bound on the transverse spin distribution h1(x) in terms of the omponents of
the positive heliity omponent of the quarks, for a given avour. An original proof of
Soer's inequality in LO has been disussed in ref.[14℄, while in [21℄ an alternative proof
was presented, based on a kineti interpretation of the evolution equations.
We reall that h1, also denoted by the symbol
∆T q(x,Q
2) ≡ q↑(x,Q2)− q↓(x,Q2), (5.12)
has the property of being purely nonsinglet and of appearing at leading twist. It is
identiable in transversely polarized hadron-hadron ollisions and not in Deep Inelasti
Sattering (from now on we will omit sometimes the x-dependene in the kernels and
in the distributions when obvious). In the following we will use interhangeably the
notations h1 ≡ hq1 and ∆T q to denote the transverse asymmetries. We introdue also the
ombinations
∆T (q + q¯) = h
q
1 + h
q¯
1
∆T q
(−) = ∆T (q − q¯) = hq1 − hq¯1
∆T q
(+) =
∑
i
∆T (qi + q¯i)
(5.13)
where we sum over the avor index (i), and we have introdued singlet and nonsinglet
ontributions for distributions of xed heliities
q
(+)
+ =
∑
i
(q+i + q¯+i)
q
(−)
+ = q+i − q¯+i ≡ Σ.
(5.14)
In our analysis we solve all the equations in the heliity basis and reonstrut the various
heliities after separating singlet and nonsinglet setors. We mention that the nonsinglet
setor is now given by a set of 2 equations, eah involving ± heliities and the singlet
setor is given by a 4-by-4 matrix.
In the singlet setor we have
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dq
(+)
+
dt
=
αs
2π
(P qq++ ⊗ q(+)+ + P qq+− ⊗ q(−)−
+P qG++ ⊗G+ + P qG+− ⊗G−),
dq
(+)
− (x)
dt
=
αs
2π
(P+− ⊗ q(+)+ + P++ ⊗ q(+)−
+P qG+− ⊗G+ + P qG++ ⊗G−),
dG+(x)
dt
=
αs
2π
(PGq++ ⊗ q(+)+ + PGq+− ⊗ q(+)−
+PGG++ ⊗G+ + PGG+− ⊗G−),
dG−(x)
dt
=
αs
2π
(PGq+− ⊗ q(+)+ + PGq++ ⊗ q(+)−
+PGG+− ⊗G+ + PGG++ ⊗G−). (5.15)
while the nonsinglet (valene) analogue of this equation is also easy to write down
dq
(−)
+i (x)
dt
=
αs
2π
(PNS++ ⊗ q(−)+i + PNS+− ⊗ q(−)− (y)),
dq
(−)
−i (x)
dt
=
αs
2π
(PNS+− ⊗ q(−)+ + PNS++ ⊗ q(−)−i ). (5.16)
Above, i is the avor index, (±) indiate q ± q¯ omponents and the lower subsript ±
stands for the heliity.
Similarly to the unpolarized ase the avour reonstrution is done by adding two
additional equations for eah avour in the heliity ±
χ±,i = q
(+)
±i −
1
nf
q
(+)
± (5.17)
whose evolution is given by
dχ
(−)
+i (x)
dt
=
αs
2π
(PNS++ ⊗ χ+i + PNS+− ⊗ χ−i),
dχ−i(x)
dt
=
αs
2π
(PNS+− ⊗ χ+i + PNS++ ⊗ χ−i).
(5.18)
The reonstrution of the various ontributions in avour spae for the two heliities
is nally done using the linear ombinations
q±i =
1
2
(
q
(−)
±i + χ±i +
1
nf
q
(+)
±
)
. (5.19)
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We will be needing these equations below when we present a proof of positivity up
to LO, and we will thereafter proeed with a NLO implementation of these and other
evolution equations. For this we will be needing some more notations.
We reall that the following relations are also true to all orders
P (x) =
1
2
(P++(x) + P+−(x))
=
1
2
(P−−(x) + P−+(x))
between polarized and unpolarized (P ) kernels and
P++(x) = P−−(x), P−+(x) = P+−(x) (5.20)
relating unpolarized kernels to longitudinally polarized ones. Generially, the kernels of
various type are expanded up to NLO as
P (x) =
αs
2π
P (0)(x) +
(
αs
2π
)2
P (1)(x), (5.21)
and speially, in the transverse ase we have
∆TP
(1)
qq,± ≡ ∆TP (1)qq ±∆TP (1)qq¯ , (5.22)
(5.23)
with the orresponding evolution equations
d
d lnQ2
∆T q±(Q
2) = ∆TPqq,±(αs(Q
2))⊗∆T q±(Q2) . (5.24)
We also reall that the kernels in the heliity basis in LO are given by
P
(0)
NS±,++ = P
(0)
qq,++ = P
(0)
qq
P
(0)
qq,+− = P
(0)
qq,−+ = 0
P
(0)
qg,++ = nfx
2
Pqg,+− = Pqg,−+ = nf(x− 1)2
Pgq,++ = Pgq,−− = CF
1
x
P
(0)
gg,++ = P
(0)
gg,++ = Nc
(
2
(1− x)+ +
1
x
− 1− x− x2
)
+ β0δ(1− x)
P
(0)
gg,+− = Nc
(
3x+
1
x
− 3− x2
)
. (5.25)
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An inequality, suh as Soer's inequality, an be stated as positivity ondition for
suitable linear ombinations of parton distributions [21℄ and this ondition an be analyzed
- as we have just shown for the h1 ase - in a most diret way using the master form.
For this purpose onsider the linear valene ombinations
Q+ = q+ + h1
Q− = q+ − h1
(5.26)
whih are termed superdistributions in ref.[21℄. Notie that a proof of positivity of
the Q distributions is equivalent to verify Soer's inequality. However, given the mixing
of singlet and nonsinglet setors, the analysis of the master form is, in this ase, more
omplex. As we have just mentioned, what an spoil the proof of positivity, in general, is
the negativity of the kernels to higher order. We antiipate here the result that we will
illustrate below where we show that a LO proof of the positivity of the evolution for Q
an be established using kineti arguments, being the kernels are positive at this order.
However we nd that the NLO kernels do not satisfy this ondition. In any ase, let's see
how the identiation of suh master form proeeds in general. We nd useful to illustrate
the result using the separation between singlet and nonsinglet setors. In this ase we
introdue the ombinations
Q
(−)
± = q
(−)
+ ± h(−)1
Q
(+)
± = q
(+)
+ ± h(+)1
(5.27)
with h
(±)
1 ≡ ∆T q(±).
Dierentiating these two linear ombinations (5.27) we get
dQ
(−)
±
d log(Q2)
= PNS++ q
(−)
+ + P
NS
+− q
(−)
− ± PTh(−)1
(5.28)
whih an be rewritten as
dQ
(−)
+
d log(Q2)
=
1
2
(
P
(−)
++ + P
(−)
T
)
Q
(−)
+ +
1
2
(
P
(−)
++ − P (−)T
)
Q
(−)
− + P
(−)
+− q
(−)
−
dQ
(−)
+
d log(Q2)
=
1
2
(
P
(−)
++ − P (−)T
)
Q
(−)
+ +
1
2
(
P
(−)
++ + PT
)(−)
Q
(−)
− + P
(−)
+− q
(−)
−
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Figure 5.1: Plot of the transverse kernels.
(5.29)
with P (−) ≡ PNS being the nonsinglet (NS) kernel.
At this point we dene the linear ombinations
P¯Q+± =
1
2
(P++ ± PT ) (5.30)
and rewrite the equations above as
dQ+i
d log(Q2)
= P¯Q++Qi+ + P¯
Q
+−Qi− + P
qq
+−qi−
dQi+
d log(Q2)
= P¯Q+−Qi+ + P¯
Q
++Qi− + P
qq
+−qi−
(5.31)
where we have reintrodued i as a avour index. From this form of the equations it is
easy to establish the leading order positivity of the evolution, after heking the positivity
of the kernel and the existene of a master form.
The seond nonsinglet setor is dened via the variables
χi± = q
(+)
i± −
1
nf
q
(+)
i± (5.32)
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whih evolve as nonsinglets and the two additional distributions
Qχi,± = χi+ ± hi(+)1 . (5.33)
Also in this ase we introdue the kernels
P¯
Qχ
+± =
1
2
(
P++ ±∆TP (+)
)
(5.34)
to obtain the evolutions
dQχi+
d log(Q2)
= P¯
Qχ
++Qχi+ + P¯
Qχ
+−Qχi− + P
qq
+−χi−
dQi+
d log(Q2)
= P¯Qχ+−Qχi+ + P¯
Qχ
++Qχi− + P
qq
+−χi−.
(5.35)
For the singlet setor, we simply dene Q
(+)
+ = q
(+)
, and the orresponding evolution
is similar to the singlet equation of the heliity basis. Using the equations above, the
distributions Qi± are then reonstruted as
Qi± =
1
2
(
Q
(−)
i± +Q
(−)
χi± +
1
nf
Q
(+)
+
)
(5.36)
and result positive for any avour if the addends are positive as well. However, as we have
just mentioned, positivity of all the kernels introdued above is easy to hek numerially
to LO, together with their diagonality in avour whih guarantees the existene of a
master form.
As an example, onsider the LO evolution of Q±. The proof of positivity is a simple
onsequene of the struture of eq. (5.31). In fat the edge-point ontributions appear
only in PQ++, i.e. they are diagonal in the evolution of Q±. The inhomogeneous terms on
the right hand side of (5.31), proportional to q− are are harmless, sine the P+− kernel has
no edge-point ontributions. Therefore under 1) diagonality in avour of the subtration
terms and 2) positivity of rst and seond term (transition probabilities) we an have
positivity of the evolution. A rened arguments to support this laim has been presented
in [25℄.
This onstrution is not valid to NLO. In fat, while the features of avour diagonality
of the master equation are satised, the transition probabilities w(x, y) are not positive
in the whole x, y range. The existene of a rossing from positive to negative values in
PQ++ an, in fat, be established quite easily using a numerial analysis. We illustrate in
Figs. (5.2) and (5.3) plots of the Q kernels at LO and NLO, showing that, at NLO, the
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Figure 5.2: Plot of the LO kernels for the Q distributions
requirement of positivity of some omponents is violated. The limitations of this sort of
proofs -based on kineti arguments- are stritly linked to the positivity of the transition
probabilities one a master form of the equation is identied.
5.4 An x-spae Expansion
We have seen that NLO proofs of positivity, an be -at least partially- obtained only
for suitable sets of boundary onditions. To this purpose, we hoose to investigate the
numerial behaviour of the solution using x-spae based algorithms whih need to be
tested up to NLO.
Our study validates a method whih an be used to solve evolution equations with
auray in leading and in next-to-leading order. The method is entirely based on an
expansion [109℄ used in the ontext of spin physis [75℄ and in supersymmetry [39℄. An
interesting feature of the expansion, one ombined with Soer's inequality, is to gen-
erate an innite set of relations among the sale invariant oeients (An, Bn) whih
haraterize it.
In this approah, the NLO expansion of the distributions in the DGLAP equation is
generially given by
f(x,Q2) =
∞∑
n=0
An(x)
n!
logn
(
α(Q2)
α(Q20)
)
+ α(Q2)
∞∑
n=0
Bn(x)
n!
logn
(
α(Q2)
α(Q20)
)
(5.37)
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Figure 5.3: Plot of the NLO kernels for the Q distributions, showing a negative behaviour
at large x
where, to simplify the notation, we assume a short-hand matrix notation for all the
onvolution produts. Therefore f(x,Q2) stands for a vetor having as omponents any
of the heliities of the various avours (Q±, q±, G±).
If we introdue Rossi's expansion for h1, q+, and the linear ombinations Q± (in short
form)
h1 ∼
(
Ahn, B
h+
n
)
q± ∼ (Aq±n , Bq±n )
Q± ∼
(
AQ+n , B
Q+
n
)
(5.38)
we easily get the inequalities
(−1)n
(
Aq+n + A
h
n
)
> 0 (5.39)
and
(−1)n
(
Aq+n − Ahn
)
> 0 (5.40)
valid to leading order,whih we an hek numerially. Notie that the signature fator
has to be inluded due to the alternation in sign of the expansion. To next to leading
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order we obtain
(−1)n+1
(
Aq+n (x) + α(Q
2)Bq+n (x)
)
< (−1)n
(
Ahn(x) + α(Q
2)Bhn(x)
)
< (−1)n
(
Aq+n (x) + α(Q
2)Bq+n (x)
)
(5.41)
valid for n ≥ 1, obtained after identiation of the orresponding logarithmi powers
log (α(Q2)) at any Q. In general, one an assume a saturation of the inequality at the
initial evolution sale
Q−(x,Q
2
0) = h1(x,Q
2
0)−
1
2
q+(x,Q
2
0) = 0. (5.42)
This initial ondition has been evolved in Q solving the equations for the Q± distributions
to NLO.
5.5 Nonforward Extensions
In this setion we nally disuss the nonforward extension of the evolution algorithm. In
the ase of nonforward distributions a seond saling parameter ζ ontrols the asymmetry
between the initial and the nal nuleon momentum in the deeply virtual limit of nuleon
Compton sattering. The solution of the evolution equations, in this ase, are known in
operatorial form. Single and double parton distributions are obtained sandwihing the
operatorial solution with 4 possible types of initial/nal states < p|...|p >,< p|...|0 >
,< p′|...|p >, orresponding, respetively, to the ase of diagonal parton distributions,
distribution amplitudes and, in the latter ase, skewed and double parton distributions
[106℄. Here we will simply analyze the nonsinglet ase and disuss the extension of the
forward algorithm to this more general ase. Therefore, given the o-forward distributions
Hq(x, ξ), in Ji's notation, we set up the expansion
Hq(x, ξ) =
∞∑
k=0
Ak(x, ξ)
k!
logk
(
α(Q2)
α(Q20)
)
+ α(Q2)
∞∑
k=0
Bk(x, ξ)
k!
logk
(
α(Q2)
α(Q20)
)
, (5.43)
whih is the natural extension of the forward algorithm disussed in the previous setions.
We reall that in the light-one gauge H(x, ξ) is dened as
Hq(x, ξ,∆
2)) =
1
2
∫
dy−
2π
e−ixP¯
+y−〈P ′|ψ¯q(0, y
−
2
, 0⊥)
1
2
γ+ψq(0,
y−
2
, 0⊥)|P 〉 (5.44)
with ∆ = P ′ − P , P¯+ = 1/2(P + P¯ ) [82℄ (symmetri hoie) and ξP¯ = 1/2 ∆+.
This distribution desribes for x > ξ and x < −ξ the DGLAP-type region for the
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quark and the antiquark distribution respetively, and the ERBL [52℄ (see also [44℄ for
an overview) distribution amplitude for −ξ < x < ξ. In the following we will omit the ∆
dependene from Hq.
Again, one we insert the ansatz (5.43) into the evolution equations we obtain an
innite set of reursion relations whih we an solve numerially. In LO, it is rather simple
to relate the Gegenbauer moments of the skewed distributions and those of the generalized
saling oeients An. We reall that in the nonforward evolution, the multipliatively
renormalizable operators appearing in the light one expansion are given in terms of
Gegenbauer polynomials [106℄. The Gegenbauer moments of the oeients An of our
expansion (5.43) an be easily related to those of the o-forward distribution
Cn(ξ, Q
2) = ζn
∫ 1
−1
C3/2n (z/ξ)H(z, ξ, Q
2)dz. (5.45)
The evolution of these moments is rather simple
Cn(ζ, Q
2) = Cn(ζ, Q
2
0)
(
α(Q2)
α(Q20)
)γn/β0
(5.46)
with
γn = CF

1
2
− 1
(n+ 1)(n+ 2)
+ 2
n+1∑
j=2
1
j


(5.47)
being the nonsinglet anomalous dimensions. If we dene the Gegenbauer moments of our
expansion
A
(n)
k (ξ, Q
2) = ξn
∫ 1
−1
C3/2n (z/ξ)H(z ξ, Q
2)dz (5.48)
we an relate the moments of the two expansions as
A
(n)
k (ξ) = Cn(ζ, Q
2
0)
(
γn
β0
)k
. (5.49)
Notie that expansions similar to (5.43) hold also for other hoies of kinematial variables,
suh as those dening the nonforward distributions [106℄, where the t-hannel longitudinal
momentum exhange ∆+ is related to the longitudinal momentum of the inoming nuleon
as ∆ = ζP . We reall that Hq(x.ξ) as dened in [82℄ an be mapped into two independent
distributions Fˆq(X, ζ) and Fˆq¯(X, ζ) through the mappings [72℄
X1 =
(x1 + ξ)
(1 + ξ)
X2 =
ξ − x2
(1 + ξ)
ξ = ζ/(2− ζ)
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Fq(X1, ζ) = 1
1− ζ/2Hq(x1, ξ)
Fq¯(X2, ζ) = −1
1− ζ/2Hq(x2, ξ),
(5.50)
in whih the interval −1 ≤ x ≤ 1 is split into two overings, partially overlapping (for
−ξ ≤ x ≤ ξ, or ERBL region) in terms of the two variables −ξ ≤ x1 ≤ 1 (0 ≤ X1 ≤ 1)
and −1 ≤ x2 ≤ ξ (0 ≤ X2 ≤ 1). In this new parameterization, the momentum fration
arried by the emitted quark is X , as in the ase of ordinary distributions, where it is
parametrized by Bjorken x. For denitess, we fous here on the DGLAP-like (X > ζ)
region of the nonsinglet evolution. The nonsinglet kernel is given in this ase by (x ≡ X)
Pζ(x, ζ) =
α
π
CF
(
1
y − x
[
1 +
xx′
yy′
]
− δ(x− y)
∫ 1
0
dz
1 + z2
1− z
)
, (5.51)
we introdue a LO ansatz
Fq(x, ζ) =
∞∑
k=0
Ak(x, ζ)
k!
logk
(
α(Q2)
α(Q20)
)
(5.52)
and insert it into the evolution of this region to obtain the very simple reursion relations
An+1(X, ζ) = − 2
β0
CF
∫ 1
X
dy
y
yAn(y, ζ)− xAn(X, ζ)
y −X −
2
β0
CF
∫ 1
X
dy(X − ζ)
y(y − ζ)
(yAn(X, ζ)−XAn(y, ζ))
y −X
− 2
β0
CF Aˆn(X, ζ)
[
3
2
+ ln
(1−X)2(1− x/ζ)
1− ζ
]
. (5.53)
The reursion relations an be easily redued to a weighted sum of ontributions in whih
ζ is a spetator parameter. Here we will not make a omplete implementation, but we
will illustrate in an appendix the general strategy to be followed. There we show a very
aurate analytial method to evaluate the logarithms generated by the expansion without
having to rely on brute-fore omputations.
5.6 Positivity of the nonsinglet Evolution
Positivity of the nonsinglet evolution is a simple onsequene of the master-form assoiated
to the nonforward kernel (5.51). As we have already emphasized above, positivity of the
initial onditions are suient to guarantee a positivity of the solution at any sale Q.
The master-form of the equation allows to reinterpret the parton dynamis as a random
walk biased toward small-x values as τ = log(Q2) inreases.
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In the nonforward ase the identiation of a transition probability for the random
walk [25℄ assoiated with the evolution of the parton distribution is obtained via the
nonforward transition probability
wζ(x|y) = α
π
CF
1
y − x
[
1 +
x
y
(x− ζ)
y − ζ
]
θ(y > x)
w′ζ(y|x) =
α
π
CF
x2 + y2
x2(x− y)θ(y < x) (5.54)
and the orresponding master equation is given by
dFq
dτ
=
∫ 1
x
dy wζ(x|y)Fq(y, ζ, τ)−
∫ x
0
dy w′ζ(y|x)Fq(x, ζ, τ), (5.55)
that an be re-expressed in a form whih is a simple generalization of the formula for the
forward evolution [25℄.
dFq
d logQ2
=
∫ 1
x
dy wζ(x|y)Fq(y, ζ, τ)−
∫ x
0
dy w′ζ(y|x)Fq(x, ζ, τ)
= −
∫ α(x)
0
dywζ(x+ y|x) ∗ Fq(x, ζ, τ) +
∫ −x
0
dy w′ζ(x+ y|x)Fq(x, ζ, τ),(5.56)
where a Moyal-like produt appears
wζ(x+ y|x) ∗ Fq(x, ζ, τ) ≡ wζ(x+ y|x)e−y
(←−
∂ x+
−→
∂ x
)
Fq(x, ζ, τ) (5.57)
and α(x) = x − 1. A Kramers-Moyal expansion of the equation allows to generate a
dierential equation of innite order with a parametri dependene on ζ
dFq
d logQ2
=
∫ 0
α(x)
dy wζ(x+ y|x)Fq(x, ζ, τ) +
∫ −x
0
dy w′ζ(x+ y|x)Fq(x, ζ, τ)
−
∞∑
n=1
∫ α(x)
0
dy
(−y)n
n!
∂x
n (wζ(x+ y|x)Fq(x, ζ, τ)) . (5.58)
We dene
a˜0(x, ζ) =
∫ 0
α(x)
dywζ(x+ y|x)Fq(x, ζ, τ) +
∫ −x
0
dy w′ζ(x+ y|x)Fq(x, ζ, τ)
an(x, ζ) =
∫ α(x)
0
dy ynwζ(x+ y|x)Fq(x, ζ, τ)
a˜n(x, ζ) =
∫ α(x)
0
dyyn∂x
n (wζ(x+ y|x)Fq(x, ζ, τ)) n = 1, 2, ... (5.59)
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If we arrest the expansion at the rst two terms (n = 1, 2) we are able to derive an
approximate equation desribing the dynamis of partons for non-diagonal transitions.
The proedure is a slight generalization of the method presented in [25℄, to whih we refer
for further details. For this purpose we use the identities
a˜1(x, ζ) = ∂xa1(x, ζ)− α(x)∂xα(x)wζ(x+ α(x)|x)Fq(x, ζ, τ)
a˜2(x, ζ) = ∂
2
xa2(x, ζ)− 2α(x)(∂xα(x))2wζ(x+ α(x)|x)Fq(x, ζ, τ)
−α(x)2∂xα(x)∂x (wζ(x+ α(x)|x)Fq(x, ζ, τ))
−α2(x)∂xα(x)∂x (wζ(x+ y|x)Fq(x, ζ, τ)) |y=α(x). (5.60)
whih allow to ompute the rst few oeients of the expansion. Using these relations,
the Fokker-Plank approximation to this equation an be worked out expliitly. We omit
details on the derivation whih is non obvious sine partiular are is needed to regulate
the (aneling) divergenes and just quote the result.
A lengthy omputation gives
dFq
dτ
=
α
π
CF
(
x0,−3
(x− ζ)3 +
x0,−1
(x− ζ) + x0,0
)
Fq(x, ζ, τ)
+
α
π
CF
(
x1,−3
(x− ζ)3 +
x1,−1
(x− ζ)
)
∂xFq(x, ζ, τ) + α
π
CF
x0,−3
(x− ζ)3∂
2
xFq(x, ζ, τ)
(5.61)
where we have dened
x0,−3 =
−
(
(−1 + x)3 (17x3 − ζ2 (3 + 4ζ) + 3xζ (3 + 5ζ)− 3x2 (3 + 7ζ))
)
12 x3
x0,−1 =
−29x4 − 3 + x2 (−1 + ζ) + 2ζ − 2x (1 + 3ζ) + x3 (12 + 23ζ)
3x3
x0,0 = 4 +
1
2x2
− 3
x
+ 2 log
(1− x)
x
x1,−1 =
− ((−1 + 6x− 15x2 + 14x3) (x− ζ))
3x2
x1,−3 =
1
2
− 5x
3
+ 5x3 − 23x
4
6
+
7ζ
3
− 3ζ
4x
+
5xζ
2
−15x2ζ + 131x
3ζ
12
− 5ζ
2
2
+
ζ2
4x2
− ζ
2
x
+ 13xζ2 − 39x
2ζ2
4
− 3ζ3 + ζ
3
3x2
+
8xζ3
3
x2,−3 =
−
(
(−1 + x)2 (x− ζ)2 (3 + 23x2 + 4ζ − 2x (7 + 8ζ))
)
24x
. (5.62)
This equation and all the equations obtained by arresting the Kramers-Moyal expan-
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sion to higher order provide a omplementary desription of the nonforward dynamis in
the DGLAP region, at least in the nonsinglet ase. Moving to higher order is straightfor-
ward although the results are slightly lengthier. A full-edged study of these equations is
under way and we expet that the DGLAP dynamis is reobtained - diretly from these
equations - as the order of the approximation inreases.
5.7 Model omparisons, saturation and the tensor harge
In this last setion we disuss some implementations of our methods to the standard
(forward) evolution by doing a NLO model omparisons both in the analysis of Soer's
inequality and for the evolution of the tensor harge. We have seleted two models,
motivated quite independently and we have ompared the predited evolution of the
Soer bound at an aessable nal evolution sale around 100 GeV for the light quarks
and around 200 GeV for the heavier generations. At this point we reall that in order
to generate suitable initial onditions for the analysis of Soer's inequality, one needs an
ansatz in order to quantify the dierene between its left-hand side and right-hand side
at its initial value.
The well known strategy to build reasonable initial onditions for the transverse spin
distribution onsists in generating polarized distributions (starting from the unpolarized
ones) and then saturate the inequality at some lowest sale, whih is the approah we
have followed for all the models that we have implemented.
The rst model we have used is the GRV-GRSV, that we have desribed in Se. 1.8.
In the implementation of the seond model (GGR model) we have used as input
distributions in the unpolarized ase the CTEQ4 parametrization [92℄, alulated to NLO
in the MS sheme at a sale Q0 = 1.0GeV
x(u− u)(x,Q20) = 1.344x0.501(1− x)3.689(1 + 6.402x0.873)
x(d− d)(x,Q20) = 0.64x0.501(1− x)4.247(1 + 2.69x0.333)
xs(x,Q20) = xs(x,Q
2
0) = 0.064x
−0.143(1− x)8.041(1 + 6.112x)
x(d − u)(x,Q20) = 0.071x0.501(1− x)8.041(1 + 30.0x)
x(u+ d)(x,Q20) = 0.255x
−0.143(1− x)8.041(1 + 6.112x)
xg(x,Q20) = 1.123x
−0.206(1− x)4.673(1 + 4.269x1.508) (5.63)
and xqi(x,Q
2
0) = xqi(x,Q
2
0) = 0 for qi = c, b, t and we have related the unpolarized input
distribution to the longitudinally polarized ones by the relations [73℄
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x∆u(x,Q20) = xηu(x)xu(x,Q
2
0)
x∆u(x,Q20) = cos θD(x,Q
2
0)
[
x(u− u)− 2
3
x(d− d)
]
(x,Q20) + x∆u(x,Q
2
0)
x∆d(x,Q20) = xηd(x)xd(x,Q
2
0)
x∆d(x,Q20) = cos θD(x,Q
2
0)
[
−1
3
x(d − d)(x,Q20)
]
+ x∆d(x,Q20)
x∆s(x,Q20) = x∆s(x,Q
2
0) = xηs(x)xs(x,Q
2
0) (5.64)
and x∆qi(x,Q
2
0) = x∆qi(x,Q
2
0) = 0 for qi = c, b, t.
A so-alled spin dilution fator as dened in [73℄, whih appears in the equations
above is given by
cos θD(x,Q
2
0) =
[
1 +
2αs(Q
2)
3
(1− x)2√
x
]−1
. (5.65)
In this seond (GGR) model, in regard to the initial onditions for the gluons, we have
made use of two dierent options, haraterized by a parameter η dependent on the
orresponding option. The rst option, that we will denote by GGR1, assumes that
gluons are moderately polarized
x∆g(x,Q20) = x · xg(x,Q20)
ηu(x) = ηd(x) = −2.49 + 2.8
√
x
ηs(x) = −1.67 + 2.1
√
x, (5.66)
while the seond option (GGR2) assumes that gluons are not polarized
x∆g(x,Q20) = 0
ηu(x) = ηd(x) = −3.03 + 3.0
√
x
ηs(x) = −2.71 + 2.9
√
x. (5.67)
We have plotted both ratios ∆T/f
+
and dierenes (xf+− x∆T f) for various avours as
a funtion of x. For the up quark, while the two models GGR1 and GGR2 are pratially
overlapping, the dierene between the GGR and the GRSV models in the the ratio
∆Tu/u
+
is only slightly remarked in the intermediate x region (0.1 − 0.5). In any ase,
it is just at the few perent level (Fig. (5.6)), while the inequality is satised with
a ratio between the plus heliity distribution and transverse around 10 perent from
the saturation value, and above. There is a wider gap in the inequality at small x,
region haraterized by larger transverse distribution, with values up to 40 perent from
saturation. A similar trend is notied for the x-behaviour of the inequality in the ase
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of the down quark (Fig. 5.7). In this latter ase the GGR and the GRSV model show
a more remarked dierene, espeially for intermediate x-values. An interesting features
appears in the orresponding plot for the strange quark (Fig.(5.8)), showing a muh wider
gap in the inequality (50 perent and higher) ompared to the other quarks. Here we have
plotted results for the two GGR models (GGR1 and GGR2). Dierently from the ase
of the other quarks, in this ase we observe a wider gap between lhs and rhs at larger x
values, inreasing as x→ 1. In gs. (5.9)and (5.10) we plot the dierenes (xf+−x∆T f)
for strange and harm and for bottom and top quarks respetively, whih show a muh
more redued evolution from the saturation value up to the nal orresponding evolving
sales (100 and 200 GeV). As a nal appliation we nally disuss the behaviour of the
tensor harge of the up quark for the two models as a funtion of the nal evolution sale
Q. We reall that like the isosalar and the isovetor axial vetor harges dened from
the forward matrix element of the nuleon, the nuleon tensor harge is dened from the
matrix element of the tensor urrent
〈PST |ψ¯σµνγ5λaψ|P, ST 〉 = 2δqa(Q20) (P µSνT − P νSµT ) (5.68)
where δaq(Q20) denotes the avour (a) ontribution to the nuleon tensor harge at a sale
Q0 and ST is the transverse spin.
In g. (5.11) we plot the evolution of the tensor harge for the models we have taken in
exam. At the lowest evolution sales the harge is, in these models, above 1 and dereases
slightly as the fatorization sale Q inreases. We have performed an evolution up to 200
GeV as an illustration of this behaviour. There are substantial dierenes between these
models, as one an easily observe, whih are around 20 perent. From the analysis of
these dierenes at various fatorization sales we an onnet low energy dynamis to
observables at higher energy, thereby distinguishing between the various models. Inlusion
of the orret evolution, up to subleading order is, in general, essential.
5.8 Conlusions
We have illustrated the use of x-spae based algorithms for the solution of evolution
equations in the leading and in the next-to-leading approximation and we have provided
some appliations of the method both in the analysis of Soer's inequality and in the
investigation of other relations, suh as the evolution of the proton tensor harge, for
various models. The evolution has been implemented using a suitable base, relevant for
an analysis of positivity in LO, using kineti arguments. The same kineti argument
has been used to prove the positivity of the evolution of h1 and of the tensor harge
up to NLO. In our implementations we have ompletely relied on reursion relations
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without any referene to Mellin moments. We have provided several illustrations of the
reursive algorithm and extended it to the nonforward evolution up to NLO. Building on
previous work for the forward evolution, we have presented a master-form of the nonsinglet
evolution of the skewed distributions, a simple proof of positivity and a related Kramers
Moyal expansion, valid in the DGLAP region of the skewed evolution for any value of
the asymmetry parameter ζ . We hope to return with a omplete study of the nonforward
evolution and related issues not disussed here in the near future.
Figure 5.4: Coeients An(x) + αs(Q
2)Bn, with n = 0, . . . , 4 for a nal sale Q = 100
GeV for the quark up.
Chapter 5. An x-spae analysis of evolution equations: Soer's inequality 145
Figure 5.5: Coeients An(x) + αs(Q
2)Bn, with n = 0, . . . , 4 for a nal sale Q = 100
GeV for the quark down.
Figure 5.6: Test of Soer's inequality for quark up at Q = 100 GeV for dierent models.
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Figure 5.7: Test of Soer's inequality for quark down at Q = 100 GeV for dierent models
Figure 5.8: Test od Soer's inequality for quark strange at Q = 100 GeV for dierent
models
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(a) strange (b) harm
Figure 5.9: Soer's inequality for strange and harm in the GRSV model.
(a) bottom (b) top
Figure 5.10: Soer's inequality for bottom and top in the GRSV model.
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Figure 5.11: Tensor harge gT as a funtion of Q for up and down quark for the GRSV
and GGR models.
Chapter 6
Simulation of air showers: lateral
distributions, multipliities and the
searh for new physis at Auger
6.1 A brief overview
The inlusive high energy osmi rays spetrum has been the fous point of a lot of
attention in the last few years. The spetrum, at a rst look, appears to be deprived of
any struture and, on the other hand, drops dramatially as we move upward in energy.
The region whih we are interested in, in our study, is the high energy region, where a
orret desription of the underlying quark-gluon dynamis is important in order to gain
some insight into the physis of the extensive air showers that form when a high energy
primary (say a proton or a neutrino) ollides with the nulei in the atmosphere. Here we
would like to put things into plae in order to set up the stage for our analysis, whih will
be developed in this hapter and will be speialized in the next hapter to the ase of mini
blak hole prodution in osmi rays in the ontext of brane models. Our journey has
been guided by our interest in applying standard QCD tools, suh as the RG evolution
of fragmentation funtions, to this hallenging environment. It turns out, as expeted,
that the issues to be analyzed, using the parton model, are manifold and do not have
a lear-ut answer at the moment, although there is a general agreement that models
based on reggeon theory, popular in the sixties, an apture the omplex dynamis of a
proton-air ollision at those energies. The upper end of the osmi rays spetrum (these
osmi rays are lassied as ultra high energy osmi rays or UHECR), in partiular, has
been aeted by a ontroversy whih has spanned several deades over the existene of a
uto whih would more or less sharply limit it to stay below 1019 eV.
In this hapter we perform large sale air shower simulations around the GZK uto
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are performed. An extensive analysis of the behaviour of the various subomponents
of the asade is presented. We fous our investigation both on the study of total and
partial multipliities along the entire atmosphere and on the geometrial struture of the
various asades, in partiular on the lateral distributions. The possibility of deteting new
physis in Ultra High Energy Cosmi Rays (UHECR) at Auger is also investigated. We
try to disentangle eets due to standard statistial utuations in the rst proton impat
in the shower formation from the underlying interation and omment on these points.
We argue that theoretial models prediting large missing energy may have a hane to
be identied, one the alibration errors in the energy measurements are resolved by the
experimental ollaborations, in measurements of inlusive multipliities.
6.2 Introdution
One of the most intriguing experimental observations of reent years is the detetion
of UltraHighEnergyCosmiRays (UHECR), with energy in exess of the Greisen
ZatsepinKuzmin (GZK) uto [77℄ (for a review see [8℄). While its validity is still under
some dispute, it is antiipated that the forthoming Auger [11℄ and EUSO [57℄ experiments
will provide enough statistis to resolve the debate. From a theoretial perspetive, the
Standard Model of partile physis and its Grand Unied extensions indiate that many
physial strutures may lie far beyond the reah of terrestrial ollider experiments. If this
eventuality materializes it may well be that the only means of unloking the serets of the
observed world will be mathematial rigor and peeks into the osmos in its most extreme
onditions. In this ontext the observation of UHECR is espeially puzzling beause of
the diulty in explaining the events without invoking some new physis. There are
apparently no astrophysial soures in the loal neighborhood that an aount for the
events. The shower prole of the highest energy events is onsistent with identiation of
the primary partile as a hadron but not as a photon or a neutrino. The ultrahigh energy
events observed in the air shower arrays have muoni omposition indiative of hadrons.
The problem, however, is that the propagation of hadrons over astrophysial distanes is
aeted by the existene of the osmi bakground radiation, resulting in the GZK uto
on the maximum energy of osmi ray nuleons EGZK ≤ 1020 eV [76℄. Similarly, photons
of suh high energies have a mean free path of less than 10 Mp due to sattering from the
osmi bakground radiation and radio photons. Thus, unless the primary is a neutrino,
the soures must be nearby. On the other hand, the primary annot be a neutrino beause
the neutrino interats very weakly in the atmosphere. A neutrino primary would imply
that the depths of rst sattering would be uniformly distributed in olumn density, whih
is ontrary to the observations.
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The most exiting aspet of the UHECR is the fat that the Auger and EUSO ex-
periments will explore the physis assoiated with these events, and provide a wealth of
observational data. Clearly, the rst task of these experiments is to establish whether
the GZK uto is violated, and to settle the ontroversy in regard to the air shower
measurement.
6.3 Probing new physis with UHECR
We may, however, entertain the possibility that these experiments an probe various
physis senarios. In the rst plae, the enter of mass energy in the ollision of the
primary with the atmosphere is of the order of 100 TeV and exeed the ontemporary,
and forthoming, ollider reah by two orders of magnitude. Thus, in priniple the air
shower analysis should be sensitive to any new physis that is assumed to exist between
the eletroweak sale and the ollision sale due to the interation of the primaries with
the atmospheri nulei. Other exiting possibilities inlude the various explanations that
have been put forward to explain the existene of UHECR events [8, 112, 17, 16, 18, 43℄,
and typially assume some form of new physis. One of the most intriguing possible
solutions is that the UHECR primaries originate from the deay of longlived super
heavy relis, with mass of the order of 1012−15 GeV [17, 16, 18, 43℄. In this ase the
primaries for the observed UHECR would originate from deays in our galati halo, and
the GZK bound would not apply. This senario is partiularly interesting due to the
possible onnetion with superstring theory. From the partile physis perspetive the
metastable superheavy andidates should possess several properties. First, there should
exist a stabilization mehanism whih produes the superheavy state with a lifetime of
the order of 1017s ≤ τX ≤ 1028s, and still allows it to deay and aount for the observed
UHECR events. Seond, the required mass sale of the metastable state should be of
order, MX ∼ 1012−13GeV. Finally, the abundane of the superheavy reli should satisfy
the relation (ΩX/Ω0)(t0/τX) ∼ 5 × 10−11, to aount for the observed ux of UHECR
events. Here t0 is the age of the universe, τX the lifetime of the metastable state, Ω0 is
the ritial mass density and ΩX is the reli mass density of the metastable state. It is
evident that the parameters of the superheavy metastable states are suiently exible
to aommodate the observed ux of UHECR, while evading other onstraints [43℄.
Superstring theory inherently possesses the ingredients that naturally give rise to
superheavy metastable states. Suh states arise in string theory due to the breaking
of the nonAbelian gauge symmetries by Wilson lines. The massless spetrum then on-
tains states with frational eletri harge or frational U(1)Z′ harge [121, 54, 35℄. The
lightest states are metastable due to a loal gauge, or disrete, symmetry [35, 58℄. This
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phenomenon is of primary importane for superstring phenomenology. The main onse-
quene is that it generially results in supermassive states that are metastable. The
superheavy states an then deay via the nonrenormalizable operators, whih are pro-
dued from exhange of heavy string modes, with lifetime τx > 10
7−17 years [54, 16, 43℄.
The typial mass sale of the exoti states will exeed the energy range aessible to
future ollider experiments by several orders of magnitude. The exoti states are ren-
dered supermassive by unsuppressed mass terms [59℄, or are onned by a hidden setor
gauge group [54℄. String models may naturally produe mass sales of the required or-
der, MX ≈ 1012−13GeV, due to the existene of an hidden setor that typially ontains
nonAbelian SU(n) or SO(2n) group fators. The hidden setor dynamis are set by
the initial onditions at the Plank sale, and by the hidden setor gauge and matter
ontent, MX ∼ Λαs,MShidden(N, nf ). Finally, the fat that MX ∼ 1012−13GeV implies that
the superheavy reli is not produed in thermal equilibrium and some other prodution
mehanism is responsible for generating the abundane of superheavy reli [35℄.
The forthoming osmi rays observatories an therefore provide fasinating experi-
mental probes, both to the physis above the eletroweak sale as well as to more exoti
possibilities at a muh higher sale. It is therefore imperative to develop the theoretial
tools to deipher the data from these experiments. Moreover, improved information on
the olliding primaries may reveal important lues on the properties of the deaying meta
stable state, whih further motivates the development of suh tehniques. In this hapter
we make a modest step in this diretion, by studying possible modiations of air shower
simulations, that inorporate the possible eets of new physis above the eletroweak
sale. This is done by varying the ross setion in the air shower odes that are used by
the experimentalists. In this respet we assume here for onreteness that the new physis
above the eletroweak sale remains perturbative and preserve unitarity, as in the ase
of supersymmetri extensions of the Standard Model. This in turn is motivated by the
suess of supersymmetri gauge oupling uniation [55℄ and their natural inorporation
in string theories. In the ase of supersymmetry the deviations from the Standard Model
are typially in the range of a few perent, a quantitative indiation whih we take as our
referene point for study.
6.3.1 Possible Developments
Even if the forthoming experiments will onrm the existene of UHECR events, it
remains to be seen whether any new physis an be inferred from the results. We will
argue that this is a very diult question.
A possible way, in the top-down models of the UHECR interation is to optimize
the analysis of any new high energy primary interation. One should keep in mind that
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the information arried by the primaries in these ollisions is strongly diluted by their
interation with the atmosphere and that large statistial utuations are immediately
generated both by the randomness of the rst impat, the variability in the zenith angle of
the impat, and the natural utuations in the - extremely large - phase spae available at
those energies. We are indeed dealing with extreme events. These unertainties are learly
mirrored even in the existing Monte Carlo odes for the simulation of air showers, and,
of ourse, in the real physial proess that these omplex Monte Carlo implementations
try, at their best, to model (see also [6℄ for the disussion of simulation issues) . Part of
our work will be onerned primarily with trying to assess, by going through extensive
air-shower simulations using existing interation models - at the GZK and omparable
energies - the main features of the showers, suh as the multipliities at various heights
and on the detetor plane. We will illustrate the geometry of a typial experimental setup
to larify our method of analysis and investigate in detail some geometrial observables.
A seond part of our analysis will be entered around the impliations of a modied
rst impat on the multipliities of the subomponents. Our analysis here is just a rst
step in trying to see whether a modied rst impat ross setion has any impliation on
the multipliity struture of the shower. The analysis is omputationally very expensive
and has been arried out using a rather simple strategy to render it possible. We ritially
omment on our results, and suggest some possible improvements for future studies.
6.4 Simulation of air showers
The quantiation of the variability and parametri dependene of the rst impat in the
formation of extensive air showers an be disussed, at the moment, only using Monte
Carlo event generators. Although various attempts have been made in the previous liter-
ature to model the spetrum of a generi X-partile deay in various approximations, all
of them inlude - at some level and with variants - some new physis in the generation of
the original spetrum. In pratie what is seen at experimental level is just a single event,
initiated by a single hadron (a proton) olliding with an air nuleus (mostly of oxygen or
nitrogen) within the 130 km depth of the Earth atmosphere. Our studies will show that
the typial strength of the interation of the primary at the beginning of the showers - at
least using the existing Monte Carlo odes - has to inrease fairly dramatially in order
to be able to see - at the experimental level - any new physis.
Our objetive here is to assess the atual possibility, if any, to detet new physis from
the high energy impat of the primary osmi ray assuming that other hannels open up
at those energies. Our investigation here is foused on the ase of supersymmetry, whih
is the more widely aepted extension of the Standard Model. Other senarios are left for
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future studies.
We reall that at the order of the GZK uto, the enter of mass energy of the rst
ollision reahes several hundreds of TeVs and is, therefore, above any supersymmetri
sale, aording to urrent MSSM models. It is therefore reasonable to ask weather
supersymmetri interations are going to have any impat on some of the observables
that are going to be measured.
We will provide enough evidene that supersymmetri eets in total hadroni ross
setions annot raise the hadroni nuleon nuleon ross setion above a (nominal) 100%
upper limit. We will then show that up to suh limit the utuations in 1) the multipliity
distributions of the most important omponents of the (ground) deteted air showers and
2) the geometri distributions of partiles on the detetor are overwhelmingly aeted by
natural (statistial) utuations in the formation of the air showers and insigniantly by
any interation whose strength lays below suh 100% nominal limit.
In order to proeed with our analysis we need to dene a set of basi observables whih
an be used in the haraterization of the shower at various heights in the atmosphere.
There are some basi features of the shower that are important in order to understand
its struture and an be summarized in: 1) measurements of its multipliities in the main
omponents; 2) measurements of the geometry of the shower. Of ourse there are obvious
limitations in the study of the development of the shower at the various levels, sine the
main observations are arried out on the ground. However, using both Cerenkov telesopes
and uoresene measurements by satellites one hopes to reonstrut the atual shape of
the shower as it develops in the atmosphere.
To illustrate the proedure that we have implemented in order to haraterize the
shower, we have assumed that the rst (random) impat of the inoming primary (proton)
osmi ray takes plae at zero zenith angle, for simpliity. We have not arried out
simulations at variable zenith, sine our objetive is to desribe the main features of the
shower in a rather simple, but realisti, setting. We have hosen a at model for the
atmosphere and variable rst impats, at energies mainly around the GZK uto region.
Our analysis has been based on CORSIKA [78℄ and the hadronization model hosen has
been QGSJET [83℄.
Measurements at any level are performed taking the arrival axis (z-axis) of the primary
as enter of the detetor. The geometry of the shower on the ground and at the various
seleted observation levels has been always measured with respet to this axis. The
enter of the detetor is, in our simulations, assumed to be the point at whih the z-axis
intersets the detetor plane. Below, the word enter refers to this partiular geometrial
setting.
The shower develops aording to an obvious ylindrial symmetry around the vertial
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z-axis, near the enter. The various omponents of the showers are haraterized at any
observation level by this ylindrial symmetry. Multipliities are plotted after integration
over the azimuthal angle and shown as a funtion of the distane from the ore (enter),
in the sense speied above.
The showers show for eah subomponent spei loations of the maxima and widths
of the assoiated distributions. We will plot the positions of the maxima along the entire
spatial extent of the shower in the atmosphere. These plots are useful in order to have an
idea of what is the geometry of the shower in the 130 km along whih it develops.
6.5 Features of the Simulation
Most of our simulations are arried out at two main energies, 1019 and 1020 eV. Simulations
have been performed on a small luster running a ommuniation protool (openmosix)
whih distributes automatially the omputational load. The simulation program fol-
lows eah seondary from beginning to end and is extremely time and memory intensive.
Therefore, in order to render our omputation manageable we have implemented in COR-
SIKA the thinning option [79℄, whih allows to selet only a fration of the entire shower
and followed its development from start to end. We reall that CORSIKA is, urrently,
the main program used by the experimental ollaborations for the analysis of osmi rays.
The results have been orreted statistially in order to reprodue the result of the atual
(omplete) shower. The CORSIKA output has been tokenized and then analyzed using
various intermediate software written by us. The number of events generated, even with
the thinning algorithm, is huge at the GZK energy and requires an appropriate handling of
the nal data. We have performed sets of run and binned the data using bins of 80 events,
where an event is a single impat with its given parametri dependene. The memory
ost of a statistially signiant set of simulations is approximately 700 Gigabytes, having
seleted in our simulations a maximal number of observations levels (9) along the entire
height of the atmosphere.
6.5.1 Multipliities on the Ground
We show in Fig. 2.36 results for the multipliities of the photon omponent and of the e±
omponents at 1019 eV plotted against the distane from the ore (enter) of the detetor.
For photons, the maximum of the shower is around 90 meters from the enter, as measured
on the plane of the detetor. As evident from the plot, the statistis is lower as we get
loser to the entral axis (within the rst 10 meters from the vertial axis), a feature
whih is typial of all these distributions, given the low multipliities measured at small
distanes from the enter. For eletrons and positrons the maxima also lie within the rst
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100 meters, but slightly loser to the enter and are down by a fator of 10 in multipliities
with respet to the photons. Positron distributions are suppressed ompared to eletron
distributions. It is also easily notied that the lower tail of the photon distribution is
larger ompared to the muon distribution, but all the distributions show overall similar
widths, about 1 km wide.
Multipliities for muons (see Fig. 2.37) are a fator 1000 down with respet to photons
and 100 down with respet to eletrons. The maxima of the muon distributions are also
at omparable distane as for the photons, and both muon and antimuons show the same
multipliity.
At the GZK energy (Figs 2.38, 2.39) the harateristis of the distributions of the
three main omponents (photons, eletrons, muons) do not seem to vary appreiably,
exept for the values of the multipliities, all inreased by a fator of 10 respet to the
previous plots. The maxima of the photons multipliities are pushed away from the enter,
together with their tails. There appears also to be an inreased separation in the size of
the multipliities of eletrons and positrons and a slightly smaller width for the photon
distribution ompare to the lower energy result (1019 eV). We should mention that all
these gross features of the showers an possibly be tested after a long run time of the
experiment. Our distributions have been obtained averaging over sets of 80 events with
independent rst impats.
6.6 Missing multipliities?
Other inlusive observables whih are worth studying are the total multipliities, as mea-
sured at ground level, versus the total energy of the primary. We show in Fig. 6.5 a double
logarithmi plot of the total multipliities of the various omponents versus the primary
energy in the range 1015− 1020 eV, whih appears to be strikingly linear. From our result
it appears that the multipliities an be tted by a relation of the form y=m*x+q, where
y = Log(N) and x = Log(E) or N(E) = 10qxm. The values of m and q are given by
γ : m = 1.117± 0.011; q = −11.02± 0.19
e+ : m = 1.129± 0.011; q = −12.36± 0.18
e− : m = 1.129± 0.012; q = −12.17± 0.20
µ+ : m = 0.922± 0.006; q = −10.12± 0.10
µ− m = 0.923± 0.006; q = −10.15± 0.09
(6.1)
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where m is the slope. m appears to be almost universal for all the omponents, while
the interept (q) depends on the omponent. The photon omponent is learly dominant,
followed by the eletron, positron and the two muon omponents whih appear to be
superimposed. It would be interesting to see whether missing energy eets, due, for
instane, to an inreased multipliity rate toward the prodution of weakly interating
partiles an modify this type of inlusive measurements, thereby prediting variations in
the slopes of the multipliities respet to the Monte Carlo preditions reported here. One
ould entertain the possibility that a failure to reprodue this linear behaviour ould be a
serious problem for the theory and a possible signal of new physis. Given the large sets of
simulations that we have performed, the statistial errors on the Monte Carlo results are
quite small, and the Monte Carlo predition appear to be rather robust. The diulty of
these measurements however, lay mainly in the energy reonstrution of the primary, with
the possibility of a systemati error. However, one the reonstrution of the energy of the
primary is under ontrol among the various UHECR detetors, with a global alibration,
these measurements ould be a possible test for new physis. At the moment, however,
we still do not have a quantiation of the deviation from this behaviour suh as that
indued by supersymmetry or other ompeting theoretial models.
6.6.1 Diretionality of the Bulk of the Shower
Another geometrial feature of the shower is the position of its bulk (measured as the
opening of the radial one at the radial distane where the maximum is ahieved) as
a funtion of the energy. This feature is illustrated in Fig. 6.6. Here we have plotted
the averaged loation of the multipliity distribution as a funtion of the energy of the
inoming primary. The geometrial enter of the distributions tend to move slightly
toward the vertial axis (higher ollimation) as the energy inreases. From the same plot
it appears that the distributions of eletrons, positrons and photons are loser to the
enter of the detetor ompared to the muon-antimuon distributions. As shown in the
gure, the statistial errors on these results appear to be rather small.
6.6.2 The Overall Geometry of the Shower
As the shower develops in the atmosphere, we an monitor both the multipliities of the
various omponents and the average loation of the bulk of the distributions at various
observation levels. As we have mentioned above, we hoose up to 9 observation levels
spaes at about 13 km from one another. The lowest observation level is, aording to
our onventions, taken to oinide with the plane of the detetor.
We show in Fig. 6.7a a omplete simulation of the shower using a set of 9 observation
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levels, as explained above, at an energy of 1019 eV. In the simulation we assume that a
rst impat ours near the top of the atmosphere at an eight of 113 km and we have
kept this rst impat xed. The multipliities show for all the omponents a rather fast
growth within the rst 10 km of rossing of the atmosphere after the impat, with the
photon omponents growing faster ompared to the others. The eletron omponent also
grows rather fast, and a similar behaviour is notied for the muon/antimuon omponents,
whih show a linear growth in a logarithmi sale (power growth). In the following 40
km downward, from a height of 100 km down to 60 km, all the omponents largely
onserve their multipliities. Proesses of regeneration of the various omponents and
their absorption seem to balane. For the next 20 km, from a height of 60 km down to 40
km, all the omponents starts to grow, with the photon omponent showing a faster (power
growth) with the traversed altitude. Slightly below 40 km of altitude the multipliities of
three omponents seem to merge (muons and eletrons), while the photon omponent is
still dominant by a fator of 10 ompared to the others. The nal development of the air
shower is haraterized by a drasti growth of all the omponents, with a nal redued
muon omponent, a larger eletron omponent and a dominant photon omponent. The
growth in this last region (20 km wide) and in the rst 20 km after the impat of the
primary -in the upper part of the atmosphere- appear to be omparable. The utuations
in the multipliities of the omponents are rather small at all levels, as shown (for the
photon ase) in Fig.6.7b.
As we reah the GZK uto, inreasing the energy of the primary by a fator of 10,
the pattern just disussed in Fig. 6.7a is reproposed in Fig. 6.8a, though -in this ase- the
growth of the multipliities of the subomponents in the rst 20 km from the impat and
in the last 20 km is muh stronger. The eletron and the muon omponents appear to be
widely separated, while the eletron and positron omponents tend to be more overlapped.
To the region of the rst impat -and subsequent growth- follows an intermediate region,
exatly as in the previous plots, where the two phenomena of prodution and absorption
approximately balane one another and the multipliities undergo minor variations. The
nal growth of all the omponents is, a this energy, slightly antiipated ompared to Fig.
6.7a, and starts to take plae at a height of 40 km and above and ontinues steadily until
the rst observation level. The photon remains the dominant omponent, followed by the
eletron and the muon omponent. Also in this ase the utuations (pitured for the
photon omponent only, Fig. 6.8b) are rather small.
Chapter 6. Simulation of air showers 159
6.6.3 The Opening of the Shower
In our numerial study the geometrial enter of eah omponent of the shower is identied
through a simple average with respet to all the distanes from the ore
RM ≡= 1
N
∑
i
Ri (6.2)
where N is the total multipliity at eah seleted observation level, Ri is the position of
the produed partile along the shower and i runs over the single events. This analysis
has been arried out for 9 equally spaed levels and the result of this study are shown in
Figs. 6.9,6.10 and 6.8 at two dierent values of energy (1019 and 1020 eV). The opening
of the various omponents are learly identied by these plots. We start from Fig. 6.9.
We have taken in this gure an original point of impat at a height of 113 Km, as in
the previous simulations. It is evident that the photon omponent of the shower tends
to spread rather far and within the rst 20 km of depth into the atmosphere has already
reahed an extension of about 2 km; reahing a lateral extension of 10 km within the rst
60 km of rossing of the atmosphere.
Starting from a height of 50 km down to 10 km, the shower gets reabsorbed (turns
toward the enter) and is haraterized by a nal impat whih lays rather lose to the
vertial axis. Eletrons and photons follow a similar behaviour, exept that for eletrons
whose lateral distribution in the rst setion of the development of the shower is more
redued. The muoni (antimuons) subomponents appear to have a rather small opening
and develop mostly along the vertial axis of impat. In the last setion of the shower all
the omponents get aligned near the vertial axis and hit the detetor within 1 km.
Few words should be said about the utuations. At 1019 eV, as shown in Fig. 6.9b, the
utuations are rather large, espeially in the rst part of the development of the shower.
These turn out to be more pronouned for photons, whose multipliity growth is large and
very broad. As we inrease the energy of the primary to 1020 eV the utuations in the
lateral distributions (see Fig. 6.10b) are overall redued, while the lateral distributions of
the photons appear to be drastially redued (Fig. 6.10a).
6.7 Can we detet new physis at Auger?
There are various issues that an be addressed, both at theoretial and at experimental
level, on this point, one of them being an eventual onrmation of the real existene of
events above the uto. However, even if these measurement will onrm their existene,
it remains yet to be seen whether any additional new physis an be inferred just from an
analysis of the air shower. A possibility might be supersymmetry or any new underlying
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interation, given the large energy available in the rst impat. We reall that the spe-
trum of the deaying X-partile (whatever its origin may be), prior to the atmospheri
impat of the UHECR is of seondary relevane, sine the impat is always due to a single
proton. Unless orrelations are found among dierent events - and by this we mean that
a large number of events should be initiated by speial types of primaries - we tend to
believe that eets due to new interations are likely to play a minor role.
In previous works we have analyzed in great detail the eets of supersymmetry in
the formation of the hadroni showers. These studies, from our previous experiene [40,
41, 42℄, appear to be rather omplex sine they involve several possible intermediate and
large nal sales and annot possibly be onlusive. There are some obvious doubts that
an be raised over these analysis, espeially when the DGLAP equations ome to be
extrapolated to suh large evolution sales, even with a partial resummation of the small-
x logarithms. In many ases results obtained in this area of researh by extrapolating
results from ollider phenomenology to extremely high energies should be taken with
extreme aution in order to redue the hanes of inappropriate hasty onlusions. What
is generally true in a rst approximation is that supersymmetri eets do appear to
be mild [40, 41, 42℄. Rearrangements in the fragmentation spetra or supersymmetri
eets in initial state saling violations are down at the few perent level. We should
mention that the generation of supersymmetri saling violations in parton distributions,
here onsidered to be the bulk of the supersymmetri ontributions, are rather mild if the
entrane into the SUSY region takes plae radiatively as rst proposed in [40, 41℄. This
last piture might hange in favour of a more substantial signal if threshold enhanements
are also inluded in the evolution, however this and other related points have not yet been
analyzed in the urrent literature.
6.7.1 The Primary Impat and a Simple Test
Our objetive, at this point, is to desribe the strutural properties of the shower with an
emphasis on the dynamis of the rst impat of the primary with the atmosphere, and
at this stage one may deide to look for the emergene of possible new interations, the
most popular one being supersymmetry.
One important point to keep into onsideration is that the new physial signal arried
by the primaries in these ollisions is strongly diluted by their interation with the
atmosphere and that large statistial utuations are immediately generated both by the
randomness of the rst impat, the variability in the zenith angle of the impat, and
the -extremely large- phase spae available at those energies in terms of fragmentation
hannels. We an't possibly underestimate these aspets of the dynamis, whih are
at variane with previous analysis, where the searh for supersymmetri eets (in the
Chapter 6. Simulation of air showers 161
vauum) seemed to ignore the fat that our detetors are on the ground and not in spae.
For this reason we have resorted to a simple and realisti analysis of the struture of
air showers as an be obtained from the urrent Monte Carlo.
The simplest way to test whether a new interation at the rst proton-proton impat
an have any eet on the shower is to modify the ross setion at the rst atmospheri
impat using CORSIKA in ombination with some of the urrent hadronization models
whih are supposed to work at and around the GZK uto. There are obvious limitations
in this approah, sine none of the existing odes inorporates any new physis beyond
the standard model, but this is possibly one of the simplest ways to proeed. For this
purpose we have used SYBILL [62℄, with the appropriate modiations disussed below.
To begin let's start by realling one feature of the behaviour of the hadroni ross
setion (p p or p p¯) at asymptotially large energies. There is evidene (see [61℄) demon-
strating a saturation of the Froissart bound of the total ross setion with rising total
energy, s. This log2(s) growth of the total ross setion is usually embodied into many of
the hadronization models used in the analysis of rst impat and leaves, therefore, little
room for other substantial growth with the opening of new hannels, supersymmetry be-
ing one of them. We should also mention that various signiant elaborations [19℄ on the
growth of the total ross setion and the soft pomeron dominane have been disussed
in the last few years and the relation of this matter [123℄ with the UHECR events is of
utmost relevane.
With this input in mind we an safely orret the total ross setion by at most a
(nominal) fator of 2 and study whether these nominal hanges an have any impat on
the strutural properties of the showers.
We run simulations on the showers generated by this modiation and try to see
whether there is any signal in the multipliities whih points toward a strutural (multi-
pliity, geometrial) modiation of the air showers in all or some of its subomponents.
For this purpose we have performed runs at two dierent energies, at the GZK uto and
1 deade below, and analyzed the eets due to these hanges.
We show in two gures results on the multipliities, obtained at zero zenith angle, of
some seleted partiles (eletrons and positrons, in our ase, but similar results hold for
all the dominant omponents of the nal shower) obtained from a large sale simulation of
air showers at and around the GZK uto. We have used the simulation ode CORSIKA
for this purpose.
In Figs. 6.11-6.15 we show plots obtained simulating an artiial rst proton impat
in whih we have modied the rst interation ross setion by a nominal fator ranging
from 0.7 to 2. We plot on the y-axis the orresponding utuations in the multipliities
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both for eletrons and positrons. Statistial utuations
1
have been estimated using bins
of 80 runs. The so-developed showers have been thinned using the Hillas algorithm, as
usually done in order to make the results of these simulations manageable, given the size
of the showers at those energies. As one an immediately see, the artiial orretions on
the ross setion are ompatible with ordinary utuations of the air-shower. We have
analyzed all the major subomponents of the air shower, photons and leptons, together
with the orresponding neutrino omponents. We an summarize these ndings by as-
sessing that a modied rst impat, at least for suh orretion fators in the 0.7-2 range
in the ross setion, are unlikely to modify the multipliities in any appreiable way.
A seond test is illustrated in Figs. 6.16-6.20. Here we plot the same orretion fators
on the x-axis as in the previous plots (6.11-6.15) but we show on the y-axis (for the same
partiles) the average point of impat on the detetor and its orresponding statistial
utuations. As we inrease the orretion fator statistial utuations in the formation
of the air shower seem to be ompatible with the modiations indued by the new
physis of the rst impat and no speial new eet is observed.
Flutuations of these type, generated by a minimal modiation of the existing odes
only at the rst impat may look simplisti, and an possibly be equivalent to ordinary
simulations with a simple resaling of the atmospheri height at whih the rst ollision
ours, sine the remaining interations are, in our approah, unmodied. The eets
we have been looking for, therefore, appear subleading ompared to other standard u-
tuations whih take plae in the formation of the asade. On the other hand, drasti
hanges in the struture of the air shower should possibly depend mostly on the physis
of the rst impat and only in a less relevant way on the modiations aeting the as-
ade that follows up. We have hosen to work at an energy of 1020 eV but we do not
observe any substantial modiations of our results at lower energies (1019 eV), exept for
the multipliities whih are down by a fator of 10. Our brief analysis, though simple,
has the purpose to illustrate one of the many issues whih we believe should be analyzed
with great are in the near future: the physis of the rst impat and substantial addi-
tional modiations to the existing odes in order to see whether any new physis an be
extrated from these measurements.
6.8 Conlusions
We have tried to analyze with a searhing ritiism the possibility of deteting new physis
at Auger using urrent ideas about supersymmetry, the QCD evolution and suh. While
1
we keep the height of the rst proton impat with the atmosphere arbitrary for eah seleted orretion
fator (x-axis)
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the physis possibilities of these experiments are far reahing and may point toward a
validation or refusal of the existene of a GZK uto, we have argued that onsiderable
progress still needs to be done in order to understand better the hadronization models at
very large energy sales. Our rather onservative viewpoint stems from the fat that the
knowledge of the struture of the hadroni showers at large energies is still under debate
and annot be onlusive. We have illustrated by an extended and updated simulation
some of the harateristis of the showers, the intrinsi utuations in the lateral distri-
butions, the multipliities of the various subomponents and of the total spetrum, under
some realisti onditions. We have also tried to see whether nominal and realisti hanges
in the ross setion of the rst impat may aet the multipliities, with a negative out-
ome. We have however pointed out, in a positive way, that new physis models prediting
large missing energy may have a hane to be identied, sine the trend followed by the
total multipliities (in a log-log sale) appear to be strikingly linear.
We do believe, however, that other and even more extensive simulation studies should
be done, in ombination with our improved understanding of small-x eets in QCD
at large parton densities, in order to further enhane the physis apabilities of these
experiments. Another improvement in the extration of new physis signals from the
UHECR experiments will ome from the inorporation of new physis in the hadronization
models.
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Figure 6.1: Multipliities of photons and e± at the ground level with a proton primary of
1019 eV as a funtion of the distane from the ore of the shower.
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Figure 6.2: Multipliities of µ± at the ground level with a proton primary of 1019 eV as a
funtion of the distane from the ore of the shower.
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Figure 6.3: Multipliities of photons and e± at the ground level with a proton primary of
1020 eV as a funtion of the distane from the ore of the shower.
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Figure 6.4: Multipliities of µ± at the ground level with a proton primary of 1020 eV as a
funtion of the distane from the ore of the shower.
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ities of photons, e±, µ± at the ground level as a fun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ale, µ+ and µ− look superimposed.
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ore of the shower of photons, e±, µ± at the ground
level as a funtion of the primary energy.
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Figure 6.7: Multipliities of photons, e±, µ± at various levels of observations for a primary
energy of 1019 eV. The rst impat is fored to our at the top of the atmosphere. In
the subgure (b) we show the unertainties just in the ase of the photons.
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Figure 6.8: Multipliities of photons, e±, µ± at various levels of observations for a primary
energy of 1020 eV. The rst impat is fored to our at the top of the atmosphere. In
the subgure (b) we show the unertainties just in the ase of the photons.
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Figure 6.9: Average ore distanes of photons, e±, µ± at various levels of observations for a
primary energy of 1019 eV. The rst impat is fored to our at the top of the atmosphere.
In the subgure (b) we show the unertainties just in the ase of the photons.
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Figure 6.10: Average ore distanes of photons, e±, µ± at various levels of observations
for a primary energy of 1020 eV. The rst impat is fored to our at the top of the
atmosphere. In the subgure (b) we show the unertainties just in the ase of the photons.
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Figure 6.11: variation of the photon multipliity as a funtion of the rst impat ross
setion at 1019 and at 1020 eV
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Figure 6.12: variation of the e± multipliity as a funtion of the rst impat ross setion
at 1019 and at 1020 eV
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Figure 6.13: variation of the µ± multipliity as a funtion of the rst impat ross setion
at 1019 and at 1020 eV
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Figure 6.14: variation of the νe multipliity as a funtion of the rst impat ross setion
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Figure 6.15: variation of the νµ multipliity as a funtion of the rst impat ross setion
at 1019 and at 1020 eV
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Figure 6.16: Lateral distributions of photons as a funtion of the rst impat ross setion
at 1019 and at 1020 eV
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Figure 6.17: Lateral distributions of e± as a funtion of the rst impat ross setion at
1019 and at 1020 eV
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Figure 6.18: Lateral distributions of µ± as a funtion of the rst impat ross setion at
1019 and at 1020 eV
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Figure 6.19: Lateral distributions of νe as a funtion of the rst impat ross setion at
1019 and at 1020 eV
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Figure 6.20: Lateral distributions of νµ as a funtion of the rst impat ross setion at
1019 and at 1020 eV
Chapter 7
Searhing for extra dimensions in high
energy osmi rays:
the fragmentation of mini blak holes
7.1 Bakground on the topi
Extra Dimensions have been around the theory landsape for some time, starting from the
20's with the work of Kaluza and Klein. Their original idea was to use a ve dimensional
manifold, the fth dimension being a irle, and identify the gµ5 omponent of the metri
in this 5-dimensional spae as a 4-dimensional vetor eld. The eld, after a Fourier
expansion in the extra variable, has a massless omponent whih an be identied with
the photon, plus an innite tower of massive states. The masses of these additional states
are inversely proportional to the size of the extra dimensions and their disappearane
from the low energy spetrum an be simply obtained by tuning the extra dimensions
appropriately. Then, the natural question to ask is: how large an the extra dimensions
be without getting into onit with the experiment? The answer to this question requires
the Standard Model elds to be loalized on the brane with gravity free to propagate in
the extra spae, alled the bulk. This senario is haraterized by a rih phenomenology,
as we are going to disuss next, with impliations whih may appear also in the struture
of osmi ray showers. One possibility is the formation, due to a lower gravity sale, of
mini blak holes whih deay into an s-wave or isotropially into all the partiles of
the Standard Model. For this reason we present a study of the main observables of the
air showers initiated by an inoming primary whih ollides with the atmosphere and
haraterized by the formation of an intermediate mini blak hole. We study partile
multipliities, lateral distributions and the ratio of the eletromagneti to the hadroni
omponents of these speial air showers. In this hapter we illustrate a simulation study
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of the resulting asades over the entire range (1015−1019eV) of ultra high initial energies,
for several values of the number of large extra dimensions, for a variety of altitudes of the
initial interation and with the energy losses in the bulk taken into aount. The results
are ompared with a representative of the standard events, namely the shower due to the
ollision of a primary proton with a nuleon in the atmosphere. Both the multipliities
and the lateral distribution of the showers show important dierenes between the two
ases and, onsequently, may be useful for the observational haraterization of the events.
The eletromagneti/hadroni ratio is strongly utuating and, thus, less deisive for the
altitudes onsidered.
This hapter is based on the paper [32℄.
7.2 Introdution
In the almost strutureless fast falling with energy inlusive osmi ray spetrum, two
kinemati regions have drawn onsiderable attention for a long time [8, 112℄. These regions
are the only ones in whih the spetral index of the osmi ray ux shows a sharper
variation as a funtion of energy, probably signaling some new physis, aording to
many. These two regions, termed the knee and the ankle [77℄ have been puzzling theorists
and experimentalists alike and no lear and widely aepted explanation of this unusual
behaviour in the propagation of the primaries - prior to their impat with the earth
atmosphere - exists yet. A large experimental eort [11, 57℄ in the next several years will
hopefully larify several of the issues related to this behaviour.
While the ankle is mentioned in the debate regarding the possible existene of the
so alled Greisen, Zatsepin and Kuzmin (GZK) uto [76℄, due to the interation of the
primaries with the osmi bakground radiation, the proposed resolutions of this puzzle
are several, ranging from a resonant Z-burst mehanism [120℄ to string relis and other
exoti partile deays [17, 16, 18, 43℄. The existene of data beyond the uto has also
been ritially disussed [13℄.
Given the large energy involved in the rst stage of the formation of the air showers,
the study of the properties of the asade should be sensitive to any new physis between
the eletroweak sale and the original ollision sale. Espeially in the highest energy
region of the spetrum, the energy available in the interation of the primaries with the
atmospheri nulei is far above any oneivable energy sale attainable at future ground-
based aelerators. Therefore, the possibility of deteting supersymmetry, for instane, in
osmi ray showers has also been ontemplated [42℄. Thus, it is not surprising, that most
of the attempts to explain these features of the osmi ray spetrum typially assume
some form of new physis at those energies.
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With the advent of theories with a low fundamental sale of gravity [10℄ and large
ompat or non-ompat extra dimensions, the possibility of opiously produing mini
blak holes (based on Thorne's hoop onjeture [111℄) in ollisions involving hadroni
fatorization sales above 1 TeV has reeived onsiderable attention [48℄ [68℄ and these
ideas, naturally, have found their way also in the literature of high energy osmi rays
[7, 60℄ and astrophysis [37℄. For instane, it was reently suggested that the long known
Centauro events might be understood as evaporating mini blak holes, produed by the
ollision of a very energeti primary (maybe a neutrino) with a nuleon (quark) in the
atmosphere [99℄. Other proposals [69℄ also either involve new forms of matter (for example
strangelets) or speulate about major hanges in the strong interation dynamis [124℄.
While estimates for the frequenies of these types of proesses both in osmi rays
[1, 7, 99℄ and at olliders [68℄ have been presented, detailed studies of the multipliities
of the partiles olleted at the detetors, generated by the extensive atmospheri air
showers following the rst impat of the primary rays, are far from overing all the main
features of the asade [125℄. These studies will be useful in order to eventually disentangle
new physis starting from an analysis of the geometry of the shower, of the multipliity
distributions of its main sub-omponents [27℄ and of its diretionality from deep spae.
For instane, the study of the loation of the maxima of the showers at positions whih
an be deteted by uoresene mirrors [5℄, generated as they go aross the atmosphere,
and their variations as a funtion of the parameters of the underlying physial theory, may
help in this eort [1℄; other observables whih also ontain potential new information are
the multipliities of the various partile sub-omponents and the opening of the showers
as they are deteted on the ground [27℄. We will fous on this last type of observables.
To summarize: in the ontext of the TeV sale gravity with large extra dimensions
it is reasonable to assume that mini blak holes, blak holes with mass of a few TeV,
an form at the rst impat of ultra high energy primary osmi rays with nuleons in
the atmosphere. The blak hole will evaporate into all types of partiles of the Standard
Model and gravity. The initial partons will hadronize and all resulting partiles as they
propagate in the atmosphere will develop into a shower(s), whih eventually will reah the
detetors. The nature and basi harateristis of these showers is the question that is the
main subjet of the present work. What is the signature on the detetor of the showers
arising from the deay of suh mini blak holes and how it ompares with a normal (not
blak hole mediated) osmi ray event, due, for instane, to a primary proton with the
same energy olliding with an atmospheri nuleon (the "benhmark" event used here).
The omparison will be based on appropriate observables of the type mentioned above.
Our inomplete ontrol of the quantum gravity/string theory eets, of the physis
of low energy non-perturbative QCD and of the nature of the quark-gluon plasma phase
186 7.2. Introdution
in QCD, makes a fully general analysis of the above phenomena impossible at this stage.
To proeed, we made the following simplifying assumptions and approximations. (1)
The brane tension was assumed muh smaller than the fundamental gravity sale, so it
does not modify the at bakground metri. It is not lear at this point how severe
this assumption is, sine it is related to the osmologial onstant problem and to
the onrete realization of the Brane-World senario. (2) The blak hole was assumed
to evaporate instantly, leading to initial partons, whose number and distributions are
obtained semilassially. No virtual holes were disussed and no bak reation was taken
into aount. (3) The initial deay produts were assumed to y away and hadronize, with
no intermediate formation of a quark-gluon plasma or of a disoriented hiral ondensate
(DCC). (4) We used standard simulation programs for the investigation of the extensive
air showers produed in the ases of interest. To this purpose, we have deided to use
the Monte Carlo program CORSIKA [78℄ with the hadroni interation implemented in
SIBYLL [62℄ in order to perform this omparison, seleting a benhmark proess whih
an be realistially simulated by this Monte Carlo, though other hadronization models are
also available [83℄. Finally, (5) a omment is in order about our seletion of benhmark
proess and hoie of interesting events. In ontrast to the ase of a hadroni primary, the
mini blak hole prodution ross setion due to the ollision of a≥ 103 TeV neutrino with a
parton is of the order of the weak interation neutrino-parton ross setion [99℄. It would,
thus, be interesting to ompare the atmospheri showers of a normal neutrino-indued
osmi ray event to one with a blak hole intermediate state. Unfortunately, at present
neutrinos are not available as primaries in CORSIKA, a fat whih sets a limitation on our
benhmark study. However, it has to be mentioned that neutrino sattering o protons
is not treated oherently at very high energy, sine eets of parton saturation have not
yet been implemented in the existing odes [27℄. As shown in [88℄ these eets tend to
lower the ross setion in the neutrino ase. For a proton-proton impat, the distribution
of momenta among the partons and the presene of a lower fatorization sale should
render this eet less pronouned. For these reasons we have seleted as benhmark
proess a proton-to-air ollision at the same depth (X0) and with the same energy as
the orresponding signal event. In order to redue the large statistial utuations in
the formation of the extensive air showers after the ollisions, we have hosen at a rst
stage, in the bulk of our work, to simulate ollisions taking plae in the lower part of the
atmosphere, up to 1 km above the detetor, in order to see whether any deviation from
a standard sattering senario an be identied. Another motivation for the analysis of
suh deeply penetrating events is their relevane in the study of the possibility to interpret
the Centauro events as evaporating mini blak holes [99℄. A seond group of simulations
have been performed at a higher altitude, for omparison.
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The present hapter onsists of seven setions, of whih this Introdution is the rst.
In Setion 7.3 we briey desribe the D-brane world senario, in order to make lear
the fundamental theoretial assumptions in our study. A brief review of the properties of
blak holes and blak hole evaporation is oered here, together with all basi semilassial
formulas used in the analysis, with the dependene on the large extra dimensions shown
expliitly. In Setion 7.4 a detailed phenomenologial desription of the modeling of the
deay of the blak hole is presented, whih is omplementary to the previous literature
and provides an independent haraterization of the struture of the deay. Inidentally,
a Monte Carlo ode for blak hole deay has also been presented reently [89℄. We reall
that this desription -as done in all the previous works on the subjet- is limited to the
Shwarzshild phase of the lifetime of the mini blak hole. The modeling of the radiation
emission from the blak hole - as obtained in the semilassial piture - (see [84℄ for an
overview) is performed here independently, using semi-analytial methods, and has been
inluded in the omputer ode that we have written and used, and whih is interfaed
with CORSIKA. Reent omputations of the greybody fators for bulk/brane emissions
[84℄, whih math well with the analytial approah of [85℄ valid in the low energy limit
of partile emission by the blak hole, have also been taken into aount. Setion 7.5
ontains our modeling of the hadronization proess. The hadronization of the partons
emitted by the blak hole is treated analytially in the blak hole rest frame, by solving
the evolution equations for the parton fragmentation funtions, making use of a speial
algorithm [25℄ and of a spei set of initial onditions for these funtions [87℄. After a
brief disussion in Setion 7.6 of the transformation of the kinematis of the blak hole
deay event from the blak hole frame to the laboratory frame, we proeed in Setion 7.7
with a Monte Carlo simulation of the extensive air showers of the partiles produed by
taking these partiles as primaries. The simulations are quite intensive and have been
performed on a small omputer luster. As we have already mentioned, in this work we
fous on the multipliities, on the lateral distributions of the events and on the ratio
of eletromagneti to hadroni energies and multipliities and san the entire ultra high
energy part of the osmi ray spetrum. Our results are summarized in a series of plots
and are ommented upon in the nal disussion in Setion 7.8.
7.3 TeV Sale Gravity, Large Extra Dimensions and
Mini Blak Holes
The theoretial framework of the present study is the D-brane world senario [10℄. The
World, in this senario, is 10 dimensional, but all the Standard Model matter and fores
are onned on a 4 + nL dimensional hypersurfae (the D3+nL-brane). Only gravity with
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a harateristi sale M∗ an propagate in the bulk. The nL longitudinal dimensions are
onstrained experimentally to be smaller than O(TeV −1). However, for our purposes
these dimensions may be negleted, sine the Kaluza-Klein exitations related to these
have masses at least of O(TeV −1), too large to aet our disussion below. Consisteny
with the observed Newton's law, on the other hand, leads to the relation M2P l =M
n+2
∗ Vn,
between MP l ≃ 1019 GeV, the fundamental gravity sale M∗ and the volume Vn of the
n = 6 − nL dimensional ompat or non-ompat transverse spae. A natural hoie for
M∗, ditated a priori by the gauge hierarhy puzzle, is M∗ = O(MW ) = O(1 TeV),
while the simplest hoie for the transverse spae is an n-dimensional torus with all radii
equal to R. Thus, one obtains a ondition between the number n and the size R(n) of the
transverse dimensions. Notie that under the above assumptions and for all values of n, R
is muh larger than 10−33m, the length sale at whih one traditionally expets possible
deviations from the 3-dimensional gravity fore, and the orresponding dimensions are
termed large extra dimensions (LED). For n = 2 one obtains R(n = 2) of the order of a
fration of a mm. At distanes muh smaller than R one should observe 3+n-dimensional
Newton's law, for instane, as in torsion balane experiments [91℄. Current bounds on the
size of these large extra dimensions and on M∗ ome from various arguments, mostly of
astrophysial (for instane M∗ > 1500 TeV for n = 2) or osmologial (M∗ > 1.5 TeV for
n = 4) origin [84℄. A larger number of LED (n) translates into a redued lower bound on
M∗. It should be pointed out, that in general it is possible, even if unnatural, that the
transverse spae has a few dimensions large and the others small. Here we shall assume
a value of M∗ of order 1TeV, neglet the small extra dimensions and treat the number of
LED (n) as a free parameter.
The impliations of the existene of LED are quite diret in the ase of blak hole
physis. The blak hole is eetively 4-dimensional if its horizon (rH) is larger than the
size of the extra dimensions. In the opposite ase (rH ≪ R, or equivalently for blak hole
masses MBH ≪ 1013kg for n = 6 [99℄) it is 4 + n dimensional, it spreads over the full
spae and its properties are those of a genuine higher dimensional hole. Aording to some
estimates, over whih however there is no universal onsensus [119℄, blak holes should
be produed opiously [48℄ [67℄ in partile ollisions, whenever the enter of mass energy
available in the ollision is onsiderably larger than the eetive sale M∗ (
√
s >> M∗).
With M∗ ∼1 TeV, one may ontemplate the possibility of produing blak holes with
masses of order a few TeV.
Their harateristi temperature TH is inversely proportional to the radius rH of the
horizon, or roughly of orderM∗ and evaporate by emitting partiles, whose mass is smaller
than TH . The radiation emitted depends both on the spin of the emitted partile, on the
dimension of the ambient spae and on the amount of bak-sattering outside the horizon,
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ontributions whih are ommonly inluded in the so alled greybody fator, whih are
partiularly relevant in the haraterization of the spetrum at lower and at intermediate
energy. A main feature of the deaying mini blak hole is its large partoni multipliity,
with a struture of the event whih is approximately spheroidal in the blak hole rest
frame.
One produed, these mini blak holes evaporate almost instantly. The phenomenolog-
ial study of 4-dimensional blak holes of large mass and, in partiular, of their Hawking
radiation [90℄ [103℄ [93℄, as well as the study of the sattering of states of various spins
(s = 0, 1/2, 1) on a blak hole bakground, all performed in the semilassial approxi-
mation, have a long history. For rotating blak holes one identies four phases hara-
terizing its deay, whih are (1) the balding phase (during whih the hole gets rid of its
hair); (2) the spin-down phase (during whih the hole slows down its rotational motion);
(3) the Shwarzshild phase (the usual semilassially approximated evaporation phase)
and, nally, (4) the Plank phase (the nal explosive part of the evaporation proess,
with important quantum gravitational ontributions). Undoubtedly, the best understood
among these phases is the Shwarzshild phase, whih is haraterized by the emission
of a (blak body) energy spetrum whih is approximately thermal, with a superimposed
energy-dependent modulation, espeially at larger values of the energy. The modulation
is a funtion of the spin and is alulable analytially only at small energies. Extensions of
these results to 4+n dimensions are now available, espeially in the Shwarzshild phase,
where no rotation and no harge parameter haraterize the bakground blak hole solu-
tions. Partial results exist for the spin down phase, where the behaviour of the greybody
fators have been studied (at least for 1 additional extra dimension) both analytially
and numerially. The Plank phase, not so relevant for a hole of large mass (say of the
mass of the sun (M ∼ 2× 1033 gr) whih emits in the nano-Kelvin region, is instead very
relevant for the ase of mini-blak holes, for whih the separation between the mass of
the hole and the orresponding (eetive) Plank mass M∗ gets drastially redued as the
temperature of the hole raises and the bak-reation of the metri has to be taken into
aount.
In the disussion below we shall use the semilassial formulas derived for large blak
holes in the Shwarzshild phase and naively extrapolate them to the mini blak holes as
well. This is not, we believe, a severe approximation for the phenomena we shall disuss.
As the hole evaporates, it looses energy, its mass dereases, its temperature inreases and
the rate of evaporation beomes faster. Thus, the lifetime of the hole is atually shorter
than the one derived ignoring the bak reation. As we shall see below, the naive lifetime
is already many orders of magnitude smaller than the hadronization time. This justies
the use of the sudden approximation we are making of the deay proess and explains
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why the neglet of the bak reation is not severe.
We reall that the metri of the 4 + n dimensional hole in the Shwarzshild phase is
given by [101℄
ds2 =
[
1−
(
rH
r
)n+1]
dt2 −
[
1−
(
rH
r
)n+1]−1
dr2 − r2dΩ22+n , (7.1)
where n denotes the number of extra spaelike dimensions, and dΩ22+n is the area of the
(2 + n)-dimensional unit sphere whih, using oordinates 0 < ϕ < 2π and 0 < θi < π,
with i = 1, ..., n+ 1 takes the form
dΩ22+n = dθ
2
n+1 + sin
2 θn+1
(
dθ2n + sin
2 θn
(
...+ sin2 θ2 (dθ
2
1 + sin
2 θ1 dϕ
2)
))
. (7.2)
The temperature TH of the blak hole is related to the size of its horizon by [101℄
TH =
n + 1
4π rH
(7.3)
and the formula for the horizon rH an be expressed in general in terms of the mass of
the blak hole MBH and the gravity sale M∗ [101℄
rH =
1√
πM∗
(
MBH
M∗
) 1
n+1

8Γ
(
n+3
2
)
n + 2


1
n+1
. (7.4)
For n = 0 and M∗ = MP l ≃ 1019 GeV it reprodues the usual formula for the horizon
(rH = 2GMBH) of a 4 dimensional blak hole. For n > 0 the relation between rH and
MBH beomes nonlinear and the presene of M∗ in the denominator of Eq. (7.4) in plae
of MP l inreases the horizon size for a given MBH . For MBH/M∗ ∼ 5 and M∗ = 1 TeV
the size of the horizon is around 10−4 fm and dereases with inreasing n.
In the Shwarzshild/spin-down phase, the number of partiles emitted per unit time
by the blak hole as a funtion of energy is expressed in terms of the absorption/emission
ross setions σ
(s)
j,n(ω) (or equivalently of the greybody fators Γ(ω)), whih, apart from n,
depend on the spin (s) of the emitted partile, the angular momentum (j) of the partial
wave and the orresponding energy (ω),
dN (s)(ω)
dtdω
=
∑
j
σ
(s)
j,n(ω)
2π2
ω2
exp (ω/TH)± 1d ω . (7.5)
Multiplying the rate of emitted partiles per energy interval dN (s)(ω)/dtdω by the partile
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energy ω one obtains for the power emission density
dE(s)(ω)
dtdω
=
∑
j
σ
(s)
j,n(ω)
2π2
ω3
exp (ω/TH)± 1d ω (7.6)
where the sum is over all Standard Model partiles and the +(−) in the denominator
orrespond to fermions (bosons), respetively. σ
(s)
j,n are the ross setions for the various
partial waves and depend on the spin s of eah partile. We reall, that in the geometri
optis approximation a blak hole ats as a perfet absorber of slightly larger radius rc
than rH [110℄, whih an be identied as the ritial radius for null geodesis
rc =
(
n + 3
2
)1/(n+1)√n+ 3
n+ 1
rH . (7.7)
The optial ross setion is then dened in funtion of rc (or equivalently rH via
Eq. (7.7)), suh that Ak, the eetive surfae area of the blak hole hole projeted over a
k-dimensional sub-manifold beomes [56℄:
Ak = Ωk−2
(
d− 1
2
) 2
d−3
(
d− 1
d− 3
) k−2
2
rk−2H (7.8)
and
Ωk =
2π
k+1
2
Γ(k+1
2
)
. (7.9)
is the volume of a k-sphere.
It is onvenient to rewrite the greybody fators as a dimensionless onstant Γs = σs/A4
normalized to the eetive area of the horizon A4, obtained from (7.8) setting k = 4 and
d = 4 + n
A4 = 4π
(
n + 3
2
)2/(n+1) n+ 3
n+ 1
r2H , (7.10)
and replaing the partile ross setion σ in terms of a thermal averaged graybody fator
Γi(Γ1/2 = 2/3,Γ1 = 1/4,Γ0 = 1, i denoting the spin or speies [102℄). Eqs. (7.5) integrated
over the frequeny give (for partile i)
dNi
dt
= α(n, rH) T
3
H (7.11)
with
α(n, rH) =
fi
2π2
Γi Γ(3) ζ(3) ciA4 T
3
H , (7.12)
where ci is the number of degrees of freedom of partile i and fi is dened by the integral
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(si is the spin) ∫ ∞
0
d ω
ω2
eω/TH − (−1)2si = fi Γ(3) ζ(3) T
3
H (7.13)
from whih fi = 1 (fi = 3/4) for bosons (fermions). These numbers depend on the
dimension of the brane, whih in our ase is 3. Γ(x) and ζ(x) are the Gamma and the
Riemann funtion respetively. Sine A4 depends on the temperature (via rH), after some
manipulations one obtains
A4T
3
H =
1
4π
(
n+ 3
2
)2/(n+1)
(n+ 3)(n+ 1) TH (7.14)
and
dNi
dt
=
fi
8π3
(n+ 3)(n+3)/(n+1)
22/(n+1)
(n+ 1)Γ(3)ζ(3)ΓiciTH . (7.15)
Summing over all the partiles i we obtain the ompat expression
dN
dt
=
1
2π
(∑
i
fi Γi ci
)
Γ(3) ζ(3) TH (7.16)
with
Γi =
Γi(n + 1) (n+ 3)
(n+3)/(n+1)
4π2 22/(n+1)
. (7.17)
The emission rates are given by
N˙i ≈ 4× 3.7× 1021 (n+ 3)
(n+3)/(n+1)(n+ 1)
22/(n+1)
(
TH
GeV
)
s−1 , (7.18)
N˙i ≈ 4× 3.7× 1021 (n+ 3)
(n+3)/(n+1)(n+ 1)
22/(n+1)
(
TH
GeV
)
s−1 , (7.19)
N˙i ≈ 4× 1.85× 1020 (n+ 3)
(n+3)/(n+1)(n + 1)
22/(n+1)
(
TH
GeV
)
s−1 , (7.20)
for partiles with s = 0, 1/2, 1, respetively. Furthermore, integration of Eq. (7.6) gives
for the blak hole mass evolution
dM
dt
≡ −dE
dt
= β(n, rH) T
4
H
=
1
2π
(∑
i
fi Γi ci
)
Γ(4) ζ(4) T 2H,
(7.21)
with
β =
1
2π2
∑
i
(ci Γi f
′
i) A4 Γ(4) ζ(4) (7.22)
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where now f ′i = 1 (7/8) for bosons (fermions). Taking the ratio of the two equations
(7.21) and (7.16) we obtain
dN
dM
=
(
α
β
)
1
TH
= ρ
4πθ(n)
n+ 1
1
M∗
(
M
M∗
) 1
(n+1)
, (7.23)
where we have dened
θ(n) =

8Γ
(
n+3
2
)
n+ 2


1
n+1
1√
π
, (7.24)
and
ρ =
∑
i ci fi Γi Γ(3) ζ(3)∑
i ci f ′i Γi Γ(4) ζ(4)
. (7.25)
This formula does not inlude orretions from emission in the bulk.
In the sudden approximation in whih the blak hole deays at its original formation
temperature one easily nds N =
〈
MBH
E
〉
, where E is the energy spetrum of the deay
produts, and using Boltzmann statistis N ≈ MBH
2TH
one obtains the expression [48℄
N =
2π
n + 1
(
MBH
M∗
)n+2
n+1
θ(n). (7.26)
This formula is approximate as are all the formulas for the multipliities. A more aurate
expression is obtained integrating Eq. (7.23) to obtain
N = ρ
4π
n + 2
(
MBH
M∗
)n+2
n+1
θ(n), (7.27)
and notiing that the entropy of a blak hole is given semilassially by the expression
S0 =
n + 1
n + 2
M
T
=
4π
n + 2
(
MBH
M∗
)n+2
n+1
θ(n),
one nds that
N = ρ S0, (7.28)
whih an be omputed numerially for a varying n. As one an see from Fig. 7.1, the
two formulas for the multipliities are quite lose, as expeted, but Eq. (7.26) gives larger
values for the multipliities ompared to (7.28) as noted by [33℄. Other expressions for
the multipliities an be found in [34℄.
194 7.3. TeV Sale Gravity, Large Extra Dimensions and Mini Blak Holes
0.1
1
10
100
1000
10000
100000
1e+06
0 1 2 3 4 5 6 7 8
N
n
M = 1.414 TeV (A)
M = 1.414 TeV (B)
M = 14.14 TeV (A)
M = 14.14 TeV (B)
M = 141.4 TeV (A)
M = 141.4 TeV (B)
Figure 7.1: Multipliities omputed with Eq. (7.28) (A) and Eq. (7.26) (B) for a varying
number of extra dimensions n.
Sine the number of elementary states beomes quite large as we raise the blak hole
mass ompared to the (xed) gravity sale, and given the (large) statistial utuations
indued by the formation of the air shower, whih redue the dependene on the multi-
pliity formula used, we will adopt Eq. (7.26) in our simulations. Overall, in the massless
approximation, the emission of the various speies for a 3-brane is haraterized by ap-
proximately 2% into spin zero, 85% into spin half and 13% into spin one partiles, with
similar ontributions also for the power emissivities. These numbers hange as we vary the
dimension of the brane (d) and so does the formula for the emissivities, sine the number
of brane degrees of freedom (ci(d)) has to be reomputed, together with the integrals on
the emission spetra (fi(d)) [1℄.
The integration of the equation for the power spetrum, in the massless approximation,
an be used to ompute the total time of deay (assuming no mass evolution during the
deay)
τ ∼ 1
M∗
(
MBH
M∗
)(n+3)/(n+1)
(7.29)
whih implies that at an energy of approximately 1 TeV the deay time is of the order
of 10−27 seonds. Therefore strong interation eets and gravity eets appear to be
widely separated and hadronization of the partons takes plae after their rossing of
the horizon. The blak hole is assumed to deay isotropially (s-wave) to a set of N
elementary states, seleted with equal probability from all the possible states available in
the Standard Model. We mention that in most of the analysis presented so far [60, 7, 1℄
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the (semilassial) energy loss due to bulk emission has not been thoroughly analyzed.
We will therefore orret our numerial studies by keeping into aount some estimates
of the bulk emission.
7.4 Modeling of the Blak Hole Deay
The amount of radiation emitted by the blak hole in the ED is viewed, by an observer
living on the brane, as missing energy ompared to the energy available at the time when
the blak hole forms. From the point of view of osmi ray physis missing energy hannels
imply redued multipliities in the nal air shower and modied lateral distributions, these
two features being among the main observables of the osmi ray event. However, sine
the initial energy of the original osmi ray is reonstruted by a measurement of the
multipliities, an event of redued multipliity will simply be reorded as an event of
lower energy. It is then obvious that an additional and independent reonstrution of the
energy of the primary osmi ray is needed in order to orretly identify the energy of
these events.
In our study we will ompute all the observables of the indued air shower using
both the lab frame (LF) and the blak hole frame (BHF) to desribe the impat and the
formation of the intermediate blak hole resonane. Also, in the simulations that we will
perform, the observation level at whih we measure the properties of the air showers will be
seleted to take properly into aount the atual position of a hypothetial experimental
detetor. The target of the rst impat of mass M is assumed to be a nuleon (or a
quark) at rest in the atmosphere and the enter of mass energy, orreted by emission
loss in the bulk, is made promptly available for an instantaneous blak hole formation
and deay. We will also assume that the energy E1 of the inoming primary varies over
all the highest part of the osmi ray spetrum, from 1015 eV up to 1020 eV.
We denote by β the speed of the blak hole in the lab frame. In our notations, E∗ is
the typial energy of eah elementary state in the deay produts (parton, lepton) in the
BH frame and P ∗ is its orresponding momentum.
We will assume that a blak hole deays demoratially into all the possible partoni
states, proportionally to the number of Standard Model states whih are available to it
at a given energy.
The energy per partoni hannel will be appropriately weighted and we will assume
that eah parton (f) will deay into a nal state hadron h (arrying a fration x of the
original momentum), with a probability distribution given by the orresponding fragmen-
tation funtion Dhf (x,Q
2), whih is evolved from some low energy input sale Q0 up to
the relevant sale haraterizing the deay. This is given by the available energy per
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fundamental state, equally distributed among all the states.
The quantiation of the injetion spetrum involves a omputation of the relevant
probabilities for the formation of all the possible hadroni/leptoni states prior to the
simulation of the air shower. Let's briey elaborate on this.
To move from the parton level to hadron level, we let Dhq (x,Q
2), Dhq (x,Q
2), and
Dhg (x,Q
2) be the fragmentation funtions of NF quarks q, antiquarks q, and of the gluon
g, respetively, into some hadron h with momentum fration x at the sale Q. From
the fragmentation funtions we obtain, for eah hadron h, the mean multipliity of the
orresponding s-wave and the orresponding average energy and momentum. Speially
we obtain
< Dh > =
∑
f
∫ 1
zmin
dz Dhf (z, Q
2) (7.30)
for the probability of produing a hadron h, and
E∗h =
∑
f
∫ 1
zmin
z dz Dhf (z, Q
2) (7.31)
for the average energy of the same hadron. We reall that zmin is the minimal fration
of energy a hadron (h), of mass mh, an take at a sale Q, and an be dened as zmin =
mh/(Q/2). In pratial appliations one an take the nominal value zmin = 0.05 for every
hadron, without aeting muh the mean multipliities and the related probabilities. This
implies that
< Dhr > +
∑
f
< Dhf > + < D
h
g > + < D
h
γ >≡ Prh (7.32)
together with the ondition
∑
h Prh = 1, where the sum runs over all the types of hadrons
allowed by the fragmentation. In all the equations above, the fragmentation takes plae
at the typial sale Q = E/N , sale at whih the moments are omputed numerially.
For the identiation of the probabilities it is onvenient to organize the 123 fundamental
states of the Standard Model into a set of avour states (qf), with f running over all the
avours exept for the top quark, where in (qf) we lump antiquark states and olor states,
plus some additional states. The weight of the (qf ) set is pf = 2 × 2 × 3/123, where the
fators 2 and 3 refer to spin, quark-antiquark degeneray and olor. It is worth to reall
that quark and antiquark states of the same avour have equal fragmentation funtions in
all the hadrons, and this justies the q/q¯ degeneray of the set. The additional states are
the gluon (g) with a weight pg = 2×8/123, the photon (γ), with a weight pγ = 2/123 and
the remaining states (r) in whih we lump all the states whih have been unaounted for,
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whose probabilities pr are omputed by dierene. These inlude the top and the antitop
(12/123), the W's and Z (9/123) and the leptons (24/123). The fragmentation funtions
into hadrons, orresponding to these states, < Dhr > are omputed by dierene from the
remaining ones < Dhg >, < D
h
f > and < D
h
γ >, whih are known at any sale Q from
the literature. Beside the favour index f = u, d, c, s, b, introdued above, we introdue a
seond index i running over the (r) states, the photon and the gluons (i = g, γ, r).
The probability of generating a spei sequene of N states in the ourse of the
evaporation of the blak hole is then given by a multinomial distribution of the form
f(nf , ni, pf , pi) =
N !∏
f nf !
∏
i ni!
∏
f
p
nf
f
∏
i
pi
ni
(7.33)
whih desribes a typial multi-poissonian proess with N trials. Notie that, to ensure
proper normalization, we need to require that
∏
i
ni! = ng!nγ !nr!
= ng!nγ !(N −
∑
f
nf − ng − nγ)! (7.34)
The omputation of the umulative probabilities to produe any number of hadrons of
type h by the deay of the blak hole are obtained from the multinomial distribution mul-
tiplied by the fragmentation probabilities of eah elementary state into (h) and summing
over all the possible sequenes
Pr
um h
≡ ∑
nf ,ni
N !∏
f nf !
∏
i ni!
∏
f
(
pf < D
h
f >
)nf ∏
i
(
pi < D
h
i >
)ni
. (7.35)
A possible way to ompute Pr
um h
when N is large is to multiply the multinomial
distribution by a suppression fator Exp[−Λ(∑i ni +∑f nf −N)], with Λ a very large
number, and interpret this fator as a Boltzmann weight, as in standard Monte Carlo
omputations of the partition funtion for a statistial system. Simulations an be easily
done by a Metropolis algorithm and the ongurations of integers seleted are those for
whih the normalization onditionN =
∑
i ni+
∑
f nf is satised. In our ase, sine we are
interested only in the mean number of hadrons produed in the deay and in their thermal
spetrum, the omputation simplies if we average over all the relevant ongurations.
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7.5 Fragmentation and the Photon Component
The evolution with Q2 of the fragmentation funtions is onveniently formulated in terms
of the linear ombinations
DhΣ(x,Q
2) =
NF∑
i=1
(
Dhqi(x,Q
2) +Dhqi(x,Q
2)
)
, (7.36)
Dh(+),i(x,Q
2) = Dhqi(x,Q
2) +Dhq,i(x,Q
2)− 1
NF
DhΣ(x,Q
2) , (7.37)
Dh(−),i(x,Q
2) = Dhqi(x,Q
2)−Dhq,i(x,Q2) , (7.38)
as for these the gluon deouples from the nonsinglet (+) and the asymmetri (−) ombi-
nations, leaving only the singlet and the gluon fragmentation funtions oupled;
Q2
d
dQ2
Dh(+),i(x,Q
2) =
[
P(+)
(
αs(Q
2)
)
⊗Dh(+),i(Q2)
]
(x) , (7.39)
Q2
d
dQ2
Dh(−),i(x,Q
2) =
[
P(−)
(
αs(Q
2)
)
⊗Dh(−),i(Q2)
]
(x) , (7.40)
Q2
d
dQ2
DhΣ(x,Q
2) =
[
PΣ
(
αs(Q
2)
)
⊗DhΣ(Q2)
]
(x)
+2NF
[
Pq→G
(
αs(Q
2)
)
⊗DhG(Q2)
]
(x) , (7.41)
Q2
d
dQ2
DhG(x,Q
2) =
1
2NF
[
PG→q
(
αs(Q
2)
)
⊗DhΣ(Q2)
]
(x)
+
[
Pg→g
(
αs(Q
2)
)
Dhg (Q
2)
]
(x) . (7.42)
The kernels that appear in the equations above are dened by
P(+)
(
x, αs(Q
2)
)
= P Vq→q
(
x, αs(Q
2)
)
+ P Vq→q
(
x, αs(Q
2)
)
, (7.43)
PΣ
(
x, αs(Q
2)
)
= P(+)
(
x, αs(Q
2)
)
+ 2NFP
S
q→q
(
x, αs(Q
2)
)
, (7.44)
P(−)
(
x, αs(Q
2)
)
= P Vq→q
(
x, αs(Q
2)
)
− P Vq→q
(
x, αs(Q
2)
)
, (7.45)
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with αs(Q
2) being the QCD oupling onstant. In the perturbative expansion of the
splitting funtions,
P (x, αs(Q
2)) =
αs(Q
2)
2π
P (0)(x) +
(
αs(Q
2)
2π
)2
P (1)(x) +O

(αs(Q2)
2π
)3 . (7.46)
The timelike kernels that we use are given by
P V,(0)q→q (x) = CF
[
3
2
δ(1− x) + 2
(
1
1− x
)
+
− 1− x
]
, (7.47)
P
V,(0)
q→q (x) = P
S,(0)
q→q (x) = 0 , (7.48)
P
(0)
q→G(x) = CF
[
1 + (1− x)2
x
]
, (7.49)
P (0)q→q(x) = 2NFTR
[
x2 + (1− x)2
]
, (7.50)
P
(0)
G→G(x) =
(
11
6
NC − 2
3
NFTR
)
δ(1− x)
+2NC
[(
1
1− x
)
+
+
1
x
− 2 + x− x2
]
. (7.51)
The formal solution of the equations is given by
Dha(x,Q
2) = Dha(x,Q
2
0) +
∫ log(Q2/Q20)
0
d log(Q2/Q20)
αs(Q
2)
2π
∑
b
[
Pa→b(αs(Q
2))⊗Dhb (Q2)
]
(7.52)
where Q0 is the starting sale of the initial onditions, given by D(x,Q
2
0). At leading
order in αs, we solve this equation using a speial ansatz
Dhf (x,Q
2) =
∑
n
An(x)
n!
log
(
αs(Q
2)
αs(Q20)
)n
(7.53)
and generating reurrene relations at the n+1−th order for the An+1 oeients in terms
of the An [25℄. It is easy to see that this orresponds to the numerial implementation of
the formal solution
Dhf (x,Q
2) = Exp (tP⊗)Dhf (x,Q20) (7.54)
with t = (αs(Q
2)/αs(Q
2
0)), where the exponential is a formal expression for an innite
iteration of onvolution produts. We show in Figures 7.2-7.4 results for some of the
fragmentation funtions into pions, kaons and protons omputed for a typial parton
sale of 200 GeV.
The photon ontributions to the deay of the blak hole is treated separately. The
evolution equation for the fragmentation funtions of photons and parton fragmentation
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Figure 7.2: Fragmentation funtions into π± at 200GeV.
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Figure 7.3: Fragmentation funtions into K± at 200GeV.
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Figure 7.4: Fragmentation funtions into p/p at 200GeV.
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into photon Dγγ (x,Q
2), Dγq (x,Q
2) satisfy at leading order in αem (the QED ne struture
onstant) and αs (the QCD oupling), the evolution equations [86℄
dDγγ(x,Q
2)
d lnQ2
=
α
2π
Pγ→γ(x)⊗Dγγ (x,Q2) (7.55)
whih an be integrated with the initial onditions Dγγ(x,Q
2) = δ(1− x), and
dDγq (x,Q
2)
d lnQ2
=
α
2π
Pγ→γ(x)⊗Dγγ (x,Q2) (7.56)
whih an also be integrated with the result [65℄
Dγ/q(x,Q
2) =
α
2π
Pq→γ(x) ln
Q2
Q20
+Dγq (x,Q
2
0). (7.57)
In Eq. (7.57) the seond term is termed the hadroni boundary onditions, whih ome
from an experimental t, while the rst term is the pointlike ontributions, whih an be
obtained perturbatively. In [3℄ a leading order t was given
Dγq (x,Q
2
0) =
α
2π
[
−Pq→γ(x) ln(1− x)2 − 13.26
]
(7.58)
at the starting sale Q0 = 0.14 GeV. The kernels in these ases are given by simple
modiations of the ordinary QCD kernels, for instane Pq→γ(x) = e
2
q/CFPq→g(x) [86℄.
For the fragmentation funtion of quarks to photons with virtuality Mγ, the pertur-
bative result is given in [105℄
Dγ/q(x,Q
2,M2γ ) = e
2
q
α
2π
[
1 + (1− x)2
x
ln
xQ2
M2γ
− x
(
1− P
2
xQ2
)]
, (7.59)
where P 2 is the virtuality of the photon. The gluon to photon transitions are negleted,
sine Pg→γ vanishes in leading order.
We reall that eah elementary state emitted is haraterized by an average energy
given by 〈ε〉 =MBH/ 〈N〉.
The leptoni omponent e±, µ±, produed by the deay is left unaltered and provides
an input for the air shower simulator as soon as these partiles ross the horizon. The τ±s
are left to deay into their main hannels, while the hadronization of the u, d, s, c quarks
and the gluons is treated with our ode, that evolves the fragmentation funtions to the
energy sale 〈ε〉. The top (t) quark is treated onsistently with all its fundamental deays
inluded; hadronization of the b quark is treated with suitable fragmentation funtions
and also involves a suitable evolution. As we vary MBH and we san over the spetrum of
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π± π0 K± K0/K
0
p/p n/n
u 0.451 0.226 0.048 0.174 0.067 0.034
0.463 0.231 0.084 0.252 0.070 0.035
d 0.451 0.226 0.174 0.048 0.034 0.067
0.463 0.231 0.252 0.084 0.035 0.070
s 0.391 0.195 0.068 0.068 0.139 0.139
0.295 0.147 0.084 0.084 0.108 0.108
 0.329 0.165 0.167 0.167 0.085 0.085
0.309 0.155 0.194 0.194 0.071 0.071
b 0.438 0.219 0.129 0.129 0.042 0.042
0.324 0.162 0.115 0.115 0.041 0.041
g 0.303 0.152 0.253 0.253 0.020 0.020
0.807 0.404 0.317 0.317 0.034 0.034
Table 7.1: Initial onditions. For eah ouple of parton and hadron, the upper num-
ber in the box is the probability for the parton f to hadronize into the hadron h,(∫ 1
zmin
Dhf (z, Q)dz
)
/
∑
h′
(∫ 1
zmin
Dh
′
f (z, Q)dz
)
, while the lower number is the average energy
fration of h,
∫ 1
zmin
zDhf (z, Q)dz. In this table the energy of the parton is Q = 1.414GeV
for u, d, s and g, Q = 2mc = 2.9968GeV for c and Q = 2mb = 9.46036GeV for the b
quark, generated via the set of ref. [87℄
the inoming osmi rays the proedure is repeated and rendered automati by ombining
in a single algorithm all the intermediate steps. Tables 1 and 2 ontain the results of a
renormalization group analysis of the fragmentation funtions for all the partons (exept
the top quark), where we show both the initial onditions at the input sale, whose lowest
value is Q = 1.414 GeV, and the results of the evolution, at a nal sale of Q = 200 GeV,
the initial set being taken from ref. [87℄.
This onludes the omputation of the probabilities for eah hadron/lepton present
in the deay produts of the mini blak hole. It is reasonable to assume that these
partiles will be produed spherially, sine higher angular momenta are suppressed by
the orresponding entrifugal barrier. However, the analysis of the shower prole has to be
performed in the lab frame. This requires the transformation of the initial ongurations
above to the laboratory frame, whih is exatly what is disussed next.
7.6 Spheriity and Boost
The transformation from the blak hole frame (BHF) to the laboratory frame (LF) is
performed by a Lorentz boost with speed β, the speed of the blak hole in the LF.
Assuming that the blak hole is produed in the ollision of a primary of energy E1 in
the LF and negligible mass ompared to E1, with a parton of mass M in the atmosphere,
one obtains β = E1/(E1+M). A spherial distribution of a partiular partile of mass m
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Q = 200GeV π± π0 K± K0/K
0
p/p n/n
u 0.446 0.223 0.079 0.166 0.053 0.033
0.385 0.193 0.077 0.178 0.047 0.027
d 0.446 0.223 0.166 0.079 0.033 0.053
0.385 0.193 0.178 0.077 0.027 0.047
s 0.425 0.213 0.093 0.093 0.088 0.088
0.295 0.147 0.077 0.077 0.070 0.070
 0.371 0.185 0.158 0.158 0.064 0.064
0.295 0.147 0.150 0.150 0.051 0.051
b 0.431 0.216 0.132 0.132 0.045 0.045
0.292 0.146 0.101 0.101 0.036 0.036
g 0.428 0.214 0.135 0.135 0.044 0.044
0.577 0.289 0.175 0.175 0.057 0.057
Table 7.2: For eah ouple of parton/hadron, the rst number is the probability of frag-
mentation of the parton f into the hadron
(∫ 1
zmin
Dhf (z, Q)dz
)
/
∑
h′
(∫ 1
zmin
Dh
′
f (z, Q)dz
)
,
while the seond is the average energy fration of h,
∫ 1
zmin
zDhf (z, Q)dz. The energy of the
parton is Q = 200 GeV.
among the deay produts in the BHF is transformed to an elliptial one, whose detailed
form is onveniently parametrized by
g∗ =
β
β∗
=
1− M
E1+M(
1− m2
E∗2
)1/2 (7.60)
where β∗ = P ∗/E∗ is the speed of this partile in the BHF, the ratio of its BHF momentum
and energy. Figure 7.5 depits the relevant kinematis. A partile emitted in the diretion
θ∗ in the BHF, is seen in the diretion θ in the LF, with
tan θ =
√
1− β2 sin θ
∗
g∗ + cos θ∗
. (7.61)
For values of g∗ ≥ 1 the shape of the 1-partile distribution in the LF is haraterized by
a maximum angle of emission
| tan θmax| =
√
1− β2
g∗2 − 1 , (7.62)
whih for g∗ = 1 is equal to 90o. Only for g∗ < 1 there is bakward emission in the LF. As
a relevant example, let us onsider the ase of a hadron of mass m = 1 GeV and energy
E∗ = 100 GeV emitted by a blak hole, formed by an initial primary of energy E1 = 1000
TeV, whih hit a quark of mass M ∼ 10MeV to form a blak hole. The gives g∗ = 1.00005
and the orresponding maximum angle in the LF is θmax ≃ tan θmax = 1.4× 10−2, giving
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Figure 7.5: An s-wave distribution in the BHF is transformed in the detetor frame to an
elliptial one, whose detailed shape depends on the value of g∗
an angular opening of the deay produts of about 2 degrees.
As shown in Figure 7.5, for g∗ > 1, whih is relevant for our purposes, the mapping
from θ∗ to θ is not one to one. In a given diretion θ in the LF, one reeives partiles
emitted in two dierent diretions θ∗± in the BHF. They satisfy [24℄
d cos θ∗±
d cos θ
=
(
P±
P ∗
)2
1(
± cos θ√K
)
(7.63)
where
K = 1 + γ2(1− g∗2) tan2 θ, (7.64)
and with the momenta P± and energies E± of the two branhes given by
P± =
P ∗ cos θ(g∗ ±√K)
γ(1− v2 cos2 θ) . (7.65)
and
E± =
m
(
γ∗ ± v cos θ
(
v∗2γ∗2 − v2γ2 sin2 θ
)1/2)
γ(1− v2 cos2 θ) (7.66)
respetively. In the above formulas γ−1 =
√
1− β2, v(v∗) is the speed of the hadron in
the LF (BHF), and (γ∗)−1 = m/E∗h =
√
1− v∗2. For massless nal state partiles, in
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partiular, these relations beome
P = E =
P ∗
γ(1− cos θ) (7.67)
and redue to the familiar Doppler formula when θ = 0.
The probability distributionW ∗h (cos θ
∗, φ) of a hadron (h) as a funtion of the diretion
Ω = (cos θ∗, φ) in the BHF, assumed spherially symmetri and normalized to the total
probability Prh of deteting this hadron among the deay produts with N elementary
states, is
W ∗h (cos θ
∗) =
Prh
2
. (7.68)
The orresponding one in the LF is
Wh(cos θ) =
∑
±
d cos θ∗±
d cos θ
W ∗h (cos θ
∗±) . (7.69)
In the speial ase g∗ = 1, the probability distribution simplies to
Wh(cos θ) = 2Prh
cos θ
γ2(1− β2 cos θ2)2 , (7.70)
peaked in the forward diretion, symmetri around the maximum value, obtained for
θ = 0 and equal to 2γ2, while the momentum distribution is
P (θ) = m
βγ∗ cos θ
γ(1− β2 cos θ2) . (7.71)
As we have already mentioned, the struture of the partoni event (and, similarly, of
the hadroni event after fragmentation) is haraterized by the formation of an elliptial
distribution of partons, strongly boosted toward the detetor along the vertial diretion.
Eah uniform (s-wave) distribution is strongly elongated along the arrival diretion (due
to the large speed of the blak hole along this diretion) and is haraterized by two
sub-omponents (W±), identied by a ± supersript. Their sum is the total probability
distribution given in (7.63). The + momentum omponent is largely dominant and
strongly peaked around the vertial diretion with rather small opening angles and this
behaviour an be analyzed numerially with its N dependene. In the expliit identia-
tion of the two independent distributions ± in terms of the opening angle θ, as measured
in the LF, we use the relations
W±(θ) =
1
2
W±(cos θ∗) | d cos(θ
∗)
d cos θ
±
| sin θ, (7.72)
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where we have introdued a fator of 1/2 for a orret normalization of the new distribution
in the θ variable. In Figures 7.6 and 7.7 we show the struture of these distributions in
the LF. Both are haraterized by a very small opening angle (θ) with respet to the
azimuthal diretion of the inoming osmi ray, W+ being the dominant one. Two similar
plots (Figures 7.8 and 7.9) illustrate the two omponents P± as funtions of the same
angle.
One an easily hek that we an now integrate symmetrially on both distributions
to obtain the orret normalization (to Prh) for a given hadron (or parton)
∫ θmax
−θmax
W±(θ)dθ =
∫ θ1∗
−θ1
∗
W+(θ)dθ +
∫ pi
θ1
∗
W−(θ)dθ +
∫ −θ1∗
−pi
W−(θ)dθ = Prh (7.73)
or, equivalently, using cos θ as a distribution variable
W±(cosθ) =W±(cos θ∗) | d cos θ
∗
d cos θ
±
| sin θ (7.74)
with
∫ 1
cosθmax
W±(cos θ)d cos θ =
∫ 1
cos θ1
∗
W+(cos θ∗)d cosθ∗ +
∫ pi
−1
W−(cos θ∗)d cos θ∗ = Prh
(7.75)
and θ∗1 obtained from (7.62).
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Figure 7.6: Plot of the W+ bran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k hole
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n fn
0 0.70711
1 0.66533
2 0.63894
3 0.62057
4 0.60696
Table 7.3: Fration fn of ECM that is bound into the blak hole as a funtion of the
number n of extra-dimension in head-on ollisions.
7.7 Air Shower Simulations
The simulation of the events is performed at the last stage, using an air shower simulator.
We have used CORSIKA [78℄ with appropriate initial onditions on the spetrum of the
inoming partiles in order to generate the full event measured at detetor level. In most
of the simulations we have assumed that the rst impat takes plae in the lower part
of the atmosphere, not far from the level of the detetor, at a varying altitude. The
reason is that one of our interests is the investigation of the possibility that the Centauro
events may be related to evaporating mini blak holes, formed by the ollision of weakly
interating partiles (e.g. neutrinos) whih penetrate the atmosphere. Of ourse, we have
simulated events happening at higher altitudes as well. We have performed two separate
sets of simulations, the rst set being benhmark events with an equivalent proton
replaing the neutrino-nuleon event, olliding at the same height, the seond being the
signal event, i.e. the blak hole resonane. The dierene between the rst and the seond
set is attributed to the dierent omponents of the nal state prior to the development
of the air shower.
We ompute the average number of partiles produed in the proess of BH evaporation
using the formula
MBH = ECMfn (7.76)
where ECM is the energy in the enter of mass frame in the neutrino-nuleon ollision and
fn is the fration of ECM that is bound into the blak hole as a funtion of the number
n of extra-dimensions. Numerial values for fn in head-on ollisions are taken from Ref.
[50℄ and reported in Table 7.3.
The overall shower, dened as the superposition of the various sub-omponents, de-
velops aording to an obvious ylindrial symmetry around the vertial z-axis near the
enter. We assume in all the studies that the inoming primary undergoes a ollision with
a nuleon in the atoms of the atmosphere at zero zenith with respet to the plane of the
detetor.
The model of the atmosphere that we have adopted onsists of N2, O2 and Ar with the
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Layer i Altitude h [km℄ ai [g/m
2] bi [g/m
2] ci [m]
1 0 . . . 4 −186.5562 1222.6562 994186.38
2 4 . . . 10 −94.919 1144.9069 878153.55
3 10 . . . 40 0.61289 1305.5948 636143.04
4 40 . . . 100 0.0 540.1778 772170.16
5 > 100 0.01128292 1 109
Table 7.4: Parameters of the U.S. standard atmosphere.
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Figure 7.10: Pressure versus altitude for the U.S. standard atmosphere model.
volume frations of 78.1%, 21.0% and 0.9% [122℄. The density variation of the atmosphere
with altitude is modeled by 5 layers. The pressure p as a funtion of the altitude h is
given by
p(h) = ai + bi exp(−h/ci), i = 1, . . . , 4 (7.77)
in the lower four layers and by
p(h) = a5 − hb5
c5
(7.78)
in the fth layer.
The ai, bi, ci parameters, that we report in Table 7.4, are those of the U.S. standard
atmospheri model [78℄. The boundary of the atmosphere in this model is dened at
the height 112.8 km, where the pressure vanishes. In Figure 7.10 we show a plot of the
pressure (p = Xv, also alled vertial depth) as a funtion of the height.
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This is dened via the integral
Xv =
∫ ∞
h
ρ(h′)dh′ (7.79)
of the atmospheri density ρ(h) for zero zenith angle, while the orresponding slant depth
is given by
X =
∫ ∞
l
ρ
(
l cos θ +
1
2
l2
RT
sin2 θ
)
(7.80)
for a zenith angle θ and RT is the radius of the earth.
To put into perspetive our Monte Carlo study it is onvenient to briey summarize
the basi features of the theory of asades on an analytial ground. The theory onsists
of the system of transport equations [64, 49℄ for the numbers Nn(E,X) of partiles of
type n with energy E at height X
dNn(E,X)
dX
= −Nn(E,X)
λn(E)
− 1
cτnγρAir
Nn(E,X) , (7.81)
where λn(E) is their interation length, τn is their lifetime and γ the Lorentz-fator
orresponding to their given energy. In the simple ase of an isothermal atmosphere
ρAir = ρ0 exp(−h/h0) = X/h0, at a sale height h0
dNn(E,X)
dX
= −Nn(E,X)
λn(E)
− 1
dn
Nn(E,X) (7.82)
where dn is their deay length, dened by
1
dn
=
mc2h0
EcτnX
. (7.83)
Partiles produed at higher energies are also aounted for by an additional term in the
asade
∂Nn(E,X)
∂X
= −Nn(E,X)
[
1
λn(E)
+
1
dn(E)
]
(7.84)
+
∑
m
∫ Emax
E
Nm(E
′, X)
[
Wmn(E
′, E)
λm(E ′)
+
1
dn(E ′)
Dmn(E
′, E)
]
dE ′ ,
desribing the hange in the number of partiles of type n due to partiles of type m
by interation or deay, integrated over an allowed interval of energy. The funtions
Wmn(E
′, E) are the energy-spetra of seondary partiles of type n in a ollision of partile
212 7.7. Air Shower Simulations
m with an air-moleule, while Dmn(E
′, E) are the orresponding deay-funtions. The
advantage of a transport equation ompared to a Monte Carlo is, that it provides a rather
simple analytial view of the development of the asade aross the atmosphere. Most
ommon in the study of these equations is to use a fatorized ansatz for the solution
N(E,X) = A(E)B(X), whih assumes a saling in energy of the transition funtions
[64℄. In our ase an analytial treatment of the asade orresponds to the boundary
ondition
Nn(E,X0) = Prn(E) δ(E − fMBH/〈N〉) (7.85)
with Prn(E) being the probability that the blak hole deays into a spei state n. As we
have already disussed above, these deays are unorrelated and Eq. (7.85) is repliated
for all the elementary states after hadronization. The emission probabilities Prn(E) have
been omputed by us for a varying initial energy E = fMBH using renormalization
group equations as desribed before, having orreted for energy loss in the bulk. The
interations in the injetion spetrum of the original primaries at our X0 (X0 = 517
g/m
2
) has been negleted sine this is not implemented in CORSIKA. The showers have
been performed independently and the results of the simulations have been statistially
superimposed at the end with multipliities omputed at detetor level (X1 = 553 g/m
2
).
We have kept the gravity sale M∗ onstant at 1 TeV and varied the mass of the blak
hole aording to the available enter of mass energy E. As we have already disussed
in the previous setions, as a benhmark proess we have seleted a proton-air impat at
the same X0 with the boundary ondition
Np(E,X0) = Prpδ(E − fMBH) (7.86)
whih ours with probability 1 (Prp = 1).
We are interested both in the behaviour of the multipliities and in the lateral distri-
butions of the asades developed at detetor level. For this purpose we have dened the
opening of the onial shower after integration over the azimuthal angle, as in [27℄, and
given the symmetry of the event, we plot only the distane from the enter as a relevant
parameter of the onial shower.
A varying number of extra dimensions n = 0, 1, . . . , 4 implies a dierent ratio for bulk-
to-brane energy emission, a dierent average number of elementary deaying states and
dierent energy distributions among these. We have varied the energy E1 of the primary,
thereby varying the mass of the blak hole resonane, in the interval 1015 − 1020 eV. The
hadronization part of our ode has been done by hanging the Prh(E) obtained from a
numerial solution of the fragmentation funtions separately for eah value of the energy
shared.
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Figure 7.11: Benhmark event: Multipliities of photons, e±, µ± at an observation level
of 4500 m as a funtion of the altitude of the rst impat.
• Preliminary studies
We start with the numerial study of the partial and total multipliities of the
various sub-omponents and of their lateral distributions in the benhmark event.
The results for photons and leptons are shown in Figures 6.11 to 7.14 as funtions
of the altitude of the impat and for two dierent observation points at 4,500 m
and 5,000 m, approximately the altitudes of the detetors at Pamir and Chaaltaya,
respetively. These preliminary plots, based on atual simulations of a proton-
to-air nuleus impat at 1015 eV, show a steady growth of the multipliities of
the seondaries as we raise the point of rst impat above the detetor. The
statistial errors in the simulations (80 unorrelated events have been olleted per
point) are rather small, quite uniformly over all the altitudes of the impat, and
indiate a satisfatory stability of the result. The positions of the detetors do not
seem to have an appreiable impat on the harateristis of the seondaries. As for
the lateral distributions we observe an inrease in the opening of the showers with
the event altitude, whih is more enhaned for the muoni omponent and for the
photons and less for the eletrons and positrons. Also in this ase the statistial
utuations are rather small. On the basis of these results we have seleted for the
remaining simulations a rst impat at 5,500 m and the observation (detetor) level
at 5,000 m. However, for omparison, we will also show later the results of a seond
set of simulations that have been performed with the rst impat at 15,000 m.
• Choie of sales and orretions
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Figure 7.12: As in Figure 7.11, but at an observation level of 5000 m.
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Figure 7.13: Average radial opening of the shower of photons, e±, µ± at an observation
level of 4500 m as a funtion of the altitude of proton's rst interation.
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Figure 7.14: As in Fig. 7.13, but at an observation level of 5000m.
To ompare standard and blak holes events, we have seleted a gravity sale of
M∗ = 1TeV and varied the blak hole mass, here taken to be equal to the available
enter of mass energy during the ollision. Therefore, a varying E1 is diretly related
to a varying MBH and we have orreted, as explained above, for the energy loss
into gravitational emission. Unfortunately, this an be estimated only heuristially,
with bounds largely dependent on the impat parameter of the primary ollision.
A reasonable estimate may be of the order of 10 − 15% [85℄. Corretions related
to emission in the bulk have also been inluded, in the way disussed in previous
setions.
• Energy ratios: eletromagneti versus hadroni
Not all observables are statistially insensitive to the natural utuations of the air
showers. In the study of blak hole versus standard (benhmark) events, the study
of the ratios Nem/Nhadron and Eem/Ehadron have been proposed as a way to distin-
guish between ordinary showers and other extra-ordinary ones. Centauro events,
for instane, have been laimed to be haraterized by a rather small ratio of ele-
tromagneti over hadroni energy deposited in the detetors, ontrary to normal
showers, in whih this ratio is believed to be Eem/Ehadron ∼ 2. Instead, as one an
easily reognize from the results presented in Figures 7.15 and 7.16, the multipliity
ratio takes values in two dierent regimes. In the band of values 1−5 for the ase
of the lower rst impat and 100 − 160 for the higher impat. The larger values
of the band in this latter ase are justied by the fat that the shower is far more
developed, given the altitude of the impat, and therefore is haraterized by an
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even more dominant eletromagneti omponent. The energy ratio, on the other
hand an take small values, in agreement with the values observed in Centauros.
However, notie that both the blak hole and standard simulations show a omplex
pattern for these ratios and in addition they are haraterized by large utuations
for varying energy and number of extra dimensions. Furthermore, there does
not seem to be a statistially signiant dierene in these observables between the
benhmark event and the blak hole mediated ones, at least for event heights greater
than 500 m above the detetor. We onlude that (a) either these observables may
not be suitable, espeially given the limited statistis of the existing and future
experiments, to disriminate between blak hole mediated events versus standard
ones, or (b) that the dierenes in these ratios appear in events with initial impat
in the range 0− 500 m from the detetor.
• Multipliities
For the multipliities themselves the situation is muh leaner. In Figures 7.17-7.22
we show the behaviour of the total as well as of some partial multipliities in blak
hole mediated events and in standard events as a funtion of the energy and for a
varying number of extra dimensions.
The urves are very well tted in a log-log plot by a linear relation of the form
N = 10q(n)E
σ(n)
1 (7.87)
with interepts q(n) and slopes σ(n), that inrease with the number of extra dimen-
sions n. We present in Figures (a) results of the simulations performed with a rst
impat taken at 5,500 m, while Figures (b) refer to a rst ollision at 15,000 m. In
Figures of type (a) the slopes of the benhmark events are smaller than those of
the blak hole events and show a larger interept. This feature is ommon to all
the sub-omponents of the air showers. A simple explanation of this fat is that at
lower value of the impat energy, the number of states available for the deay of the
blak hole is smaller than the number of partoni degrees of freedom available in
a proton-proton ollision. We reall, as we have already disussed in the previous
setions, that our benhmark results dene in this ase an upper bound for the total
multipliities expeted in a neutrino-proton ollision. Therefore, in a more realisti
omparison, we would disover that the blak hole and the standard results should
dier more notieably. The large multipliity of the states available for the deay
of the blak hole dominates over that of a standard hadroni interation, and this
justies the larger multipliities produed at detetor level. As we inrease the al-
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Figure 7.15: Ratio between Nem (total multipliity of photons and e
±
) and Nhad (total
multipliity of everything else) as a funtion of E1. The rst interation is kept xed
at 5500m (517 g/cm2) (a), or at 15000m (124 g/cm2) (b), and the observation level is
5000m (553 g/cm2). We show in the same plot the benhmark (where the primary is a
proton) and mini blak holes with dierent numbers of extra-dimensions n.
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Figure 7.16: As in Figure 7.15, but this time we show the ratio between Eem (total energy
of photons and e±) and Ehad (total energy of everything else) as a funtion of E1.
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Figure 7.17: Plot of the total partile multipliity as a funtion of E1. Case (a) is for an
impat point of 5,500 m and ase (b) for 15,000 m.
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Figure 7.18: Plot of the multipliity of photons as a funtion of E1, (a) 5,500 m, (b)
15,000 m
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Figure 7.19: Plot of the multipliity of e− as a funtion of E1, (a) 5,500 m, (b) 15,000 m
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Figure 7.20: Plot of the multipliity of µ− as a funtion of E1, (a) 5,500 m, (b) 15,000 m
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Figure 7.21: Plot of the multipliity of π− as a funtion of E1, (a) 5,500 m, (b) 15,000 m.
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Figure 7.22: Plot of the multipliity of protons as a funtion of E1, (a) 5,500 m, (b) 15,000
m.
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titude of the impat, in plots of type (b) we nd a similar trend but the dierenes
in the total and partial multipliities are muh harder to disern for blak holes and
benhmark events. In fat, for ollisions starting at higher altitudes the showers are
all fully developed and the dierenes between the two underlying events are less
pronouned.
Another feature of the blak hole events is that the slopes and the interepts of the
various plots, for a given hoie of altitude of the impat, are linearly orrelated.
To illustrate this point we refer to Figures 7.23-7.24 from whih this behaviour is
immediately evident. To generate eah of these gures we have plotted the param-
eters (σ, q) of a orresponding plot - for the total or for the partial multipliities
- independently of the spei number of extra dimensions. The results shown in
these gures learly indiate that the relation between the interept q and the slope
σ appearing in Eq. (7.87) is linear and independent of n
q = ασ + β (7.88)
with α and β typial of a given setup (photons, total multipliities, et.) but
insensitive to the parameter n. Therefore, blak hole events are haraterized by
partile multipliities on the ground of the form
Nground = 10
ασ+βEσ1 . (7.89)
• Lateral distributions
In Figures 7.25-7.29 we illustrate the results of our study of the lateral distributions
for the total inlusive shower and the various sub-omponents as a funtion of the
inoming energy E1. The average opening of the shower as measured at detetor
level is plotted versus energy in a log-log sale. Notie a growing opening of the
shower as we raise the energy of the blak hole resonane, whih is more remarked
for a lower number of extra dimensions. In ontrast, the benhmark simulation
shows a small derease (negative slope) with energy. The larger opening of the
shower in blak hole mediated events - ompared to standard air showers - is due
to the s-wave emission typial of a blak hole deay, whih is very dierent from an
ordinary ollision. Contrary to the ase of multipliities, here simulations of type
(a) and (b) show a similar trend, with very distint features between standard and
blak hole events. Notie that in this ase the dierene in the partoni ontent
of the two dierent events (benhmark versus blak hole mediated) is less relevant,
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Figure 7.23: Parameter t for the interepts and the slopes of the urves in Fig. 7.17
for the total multipliities. The numbers over eah point in this plot indiate the value
of the extra-dimensions. The (σ, q) parameters are tted to a straight line q = ασ + β
independently of the numbers of extra dimensions. (a) is the t for 5,500 m, (b) for 15,000
m. The benhmark is also shown in the plot, but has not been used in the t.
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Figure 7.24: Paramater t for the interepts and the slopes for the urves in Fig. 7.18,
now for the multipliity of photons. (a) is the t for 5,500 m, (b) for 15,000 m.
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sine it is the geometrial reball emission in the blak hole ase whih is responsible
for the generation of larger lateral distributions.
Also in this ase we disover a linear relation between average radius R of the onial
openings and energy, relation that an be tted to a simple power law
R = 10q
′(n)E
σ′(n)
1 . (7.90)
In analogy to Figures 7.23 and 7.24, we show in Figure 7.30 that for a given setup
there is a linear relation between slopes and interepts of Eq. (7.90)
q′ = α′ σ′ + β ′ (7.91)
with α′ and β ′ typial for a given setup, but again independent of n.
7.8 Disussion
A rather detailed analysis was presented of some of the main observables whih hara-
terize the air showers formed, when a high energy ollision in the atmosphere leads to the
formation of a mini blak hole. We have deided to fous our attention on the partile
multipliities of these events, on the geometrial opening of the showers produed, and on
the ratio of their eletromagneti to hadroni omponents, as funtions of the entire ultra
high energy spetrum of the inoming primary soure. We have shown that in a double
logarithmi sale the energy vs multipliity as well as the energy vs shower-size plots are
linear, haraterized by slopes whih depend on the number of extra dimensions. We have
ompared these preditions with standard (benhmark) simulations and orreted for the
energy whih esaped in the bulk, or emitted by the blak holes at stages prior to the
Shwarzshild phase. Blak hole events are haraterized by faster growing multipliities
for impats taking plae lose to the detetor; impats at higher altitudes share a simi-
lar trend, but less pronouned. The multipliities from the blak hole are larger in the
lower part of the energy range, while they beome bigger for higher energies. We should
also mention that, given the hoie made for our benhmark simulations, here we have
been onsidering the worst senario: in a simulation with an impating neutrino it should
be possible to disern between the two underlying events, whether they are standard or
blak hole mediated. The lateral distributions appear to be the most striking signature
of a blak hole event. Due to the higher pT s involved, they are muh larger than in the
benhmark standard simulations.
Our analysis an be easily generalized to more omplex geometrial situations, where
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Figure 7.25: Plot of the average radius R of the ore of the shower of photons as a funtion
of E1 for a blak hole with a varying number of extra dimensions. The benhmark result
is also shown for omparison. (a) 5,500 m, (b) 15,000 m.
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Figure 7.26: Plot of the average size of the ore R of the shower of e− as a funtion of
E1. (a) 5,500 m, (b) 15,000 m.
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Figure 7.27: Plot of the average size R of the ore of the shower of µ− as a funtion of
E1, (a) 5,500 m, (b) 15,000 m.
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Figure 7.28: As above for π−
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Figure 7.29: The proton ore size as a funtion of E1, (a) 5,500 m, (b) 15,000 m.
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Figure 7.30: Parameter t for the urves in Fig. 7.25, desribing the openings of the
showers of photons. (a) is the t for 5,500 m, (b) for 15,000 m.
Chapter 7. Searhing for extra dimensions 235
a slanted entry of the original primary an be envisioned and, in partiular, to the ase
of near horizontal air showers, whih are relevant for the detetion of neutrino indued
showers. These are haraterized by a larger ross setion ompared to the vertial ones
and therefore are more likely to our. The strategy presented in this analysis, whih
is limited to primaries entering vertially, does not hange substantially in this more
general ase, exept for the geometry whih should give an asymmetri opening due to
the diretionality of the event. However, the main physial properties of the showers
with an intermediate blak hole should remain unhanged. These harateristis, in fat,
are not sensitive to the geometry of the diretion of the event but are due to the larger
multipliities of the deay of the blak hole resonane that forms after the impat and to
the s-wave struture of its instantaneous deay.
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